
Applied Surface Science 742 (2026) 167187 

A
0

 

Contents lists available at ScienceDirect

Applied Surface Science

journal homepage: www.elsevier.com/locate/apsusc  

Full length article

Kapitza resistance and thermal transport in knotted graphene nanoribbons
Levi C. Felix a , Marcelo L. Pereira Junior b ,∗, Guilherme S.L. Fabris a ,
Alexandre F. Fonseca a , Douglas S. Galvão a,c
a Universidade Estadual de Campinas, Instituto de Física Gleb Wataghin, Departamento de Física Aplicada, 13083-859, Campinas, SP, Brazil
b University of Brasília, College of Technology, Department of Electrical Engineering, 70910-900, Brasília, DF, Brazil
c Department of Applied Physics, State University of Campinas, Campinas, SP, 13083-970, Brazil

A R T I C L E  I N F O

Keywords:
Graphene nanoribbons
Kapitza resistance
Thermal transport
Phonon scattering
Non-equilibrium molecular dynamics

 A B S T R A C T

Thermal transport in low-dimensional systems is central to nanoscale heat dissipation and phonon engineering 
applications, particularly in materials where geometry and structural distortions strongly influence scattering 
mechanisms. In this context, graphene nanoribbons constitute a well-defined platform for investigating thermal 
transport due to their quasi-one-dimensional character and tunable structural properties. In this work, we 
have investigated the effect of structural knots on the thermal transport of graphene nanoribbons using non-
equilibrium molecular dynamics simulations (NEMD). Systems containing one, two, and three knots were 
considered. The temperature profiles exhibit localized temperature drops at the knot positions, indicating the 
emergence of thermal resistance in these regions. This behavior is analogous to Kapitza resistance observed 
at interfaces between dissimilar materials or in single materials containing defects or lattice distortions. The 
thermal resistance associated with an individual knot is approximately constant. The total thermal resistance 
increases almost linearly with the number of knots, consistent with a series arrangement of thermal resistances. 
In addition, variations in the relative positions of the knots along the nanoribbon do not significantly affect 
the heat current driven by the imposed temperature gradient, indicating a weak thermal rectification effect 
for the configurations investigated.
1. Introduction

Graphene nanoribbons (GNRs) have been of interest to the materi-
als physics community since they belong to one-dimensional systems 
and possess a very simple structure, being actually narrow-striped 
graphene sheets. Their electronic features are largely determined by 
the edge type, that is either armchair or zigzag [1–4], giving rise to 
localized edgestates in zigzag GNRs but not in armchair ones. Very 
recently, topological phases driven by external electric field and boron 
or nitrogen doping have been found [5], which further substantiates 
the interest in GNRs for potential applications in quantum electron-
ics [6]. In this respect, heat transport is a critical process as the 
hot and cold cycles are constantly experienced by electronic devices. 
In low-dimensional systems, thermal conduction is largely controlled 
by surface roughness, where most of the phonon scattering mecha-
nisms take place [7,8]. However, for GNRs the mean free path of 
most dominant phonon modes (∼ 1 nm) greatly exceeds the typical 
height fluctuations at the surface (0.2–0.6 Å) [9]), meaning that other 
phonon scattering mechanisms can be relevant in heat conduction. 
The successful experimental realization of GNRs [10–12] has made the 
systematic studies on their electronic structure [13] and heat transport 
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properties [14] feasible, which opens an avenue for a controlled study 
of phonon thermal transport in quasi-one-dimensional carbon-based 
systems.

Defect engineering has emerged as an effective strategy to tailor 
the physical properties of GNRs beyond those of pristine structures. 
Representative examples include spin filtering effects induced by the 
combination of vacancies and boron or nitrogen doping [15], as well 
as bandgap tuning achieved through edge patterning mediated by 
vacancy defects [16]. Beyond point and edge defects, geometrical 
distortions have been explored as an additional degree of freedom 
to modulate the properties of GNRs. Twisted nanoribbons have been 
theoretically investigated [17,18], with helical configurations shown to 
be energetically more favorable than simple torsional deformations. In 
a recent work, the thermal conductivity of twisted GNRs was shown 
to depend not solely on the number of initial turns applied to the 
GNR, but also on the twist density along its length [19]. The degree of 
twisting has also been shown to affect the charge-carrier type and mo-
bility [20]. Further studies have reported conformationally dependent 
properties [21], nonlinear current–voltage characteristics under trans-
verse electric fields [22], mechanical strengthening when GNRs are 
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confined inside carbon nanotubes [23], and even chirality-controlled 
carbon nanotube synthesis [24].

Knots constitute another kind of geometrical structures with a 
number of investigations in a diversity of carbon-based and fibrous 
materials such as carbon-nanotubes [25], polymer and nanotube mi-
crofibers [26,27], graphene oxide fibers [28] silk-fibers [29] and
graphene nanoribbons [30]. In the GNR context, these metastable 
states are known to have been found more than one for a given 
knotted configuration under different tension conditions, and spin-
polarized solutions of the electronic ground state can be found in tightly 
knotted configurations; such properties have been associated with local 
structural reconstruction contributing to an enhancement of electronic 
localization. The mechanical response of knotted nanostructures has 
been reviewed in detailed studies [25–30], but the disruption of lo-
cal topology effect on heat conduction is less studied. This missing 
information is rather crucial because knots generate strong local cur-
vature, strain fields, and lattice inhomogeneities, which are thought 
to significantly influence the phonon scattering processes and thermal 
resistance.

In the present paper, we have investigated the effect of knot-
ted graphene nanoribbons on thermal transport via Non-Equilibrium 
Molecular Dynamics (NEMD) simulations. We have considered systems 
with one, two, and three knots in the presence of a temperature gra-
dient established by thermal reservoirs at different temperatures. For 
a direct comparison, we have also considered the pristine nanoribbons 
without knots or twists to explicitly determine the effects of knotted 
geometric deformations on heat flux and the appearance of Kapitza 
thermal resistance [31,32] in graphene nanoribbons.

2. Methods

To create the knotted GNRs, we initially generated straight hydro-
gen-passivated nanoribbon structures with width 𝑊 = 10 Å using 
the Visual Molecular Dynamics (VMD) software [33]. Crucially, the 
hydrogen passivation of the nanoribbon edges was implemented specif-
ically to avoid any unintended rehybridization or bond reconstruction. 
This ensures that all carbon atoms remain 3-fold coordinated, allowing 
us to isolate the effects of local topology and curvature on thermal 
transport without the interference of changes in the local bonding state. 
A pre-knotted geometry was then obtained by mapping the nanoribbon 
onto four control points using the sculptor tool. Fig.  1 shows four 
representative structural stages observed during the knot formation 
process. Stage (1) corresponds to the initial pre-knotted configuration. 
Stages (2) and (3) illustrate intermediate geometries obtained dur-
ing the progressive tightening of the knot under uniaxial stretching. 
Stage (4) shows the final tightly closed and structurally relaxed knotted 
configuration.

The same creating procedure was repeated to generate GNRs con-
taining two and three knots, as shown at the bottom of Fig.  1. In these 
configurations, the distance between neighboring knots was fixed at 
𝑑 = 60 Å, and the total length of the GNRs was 𝐿 = 30 nm. For 
comparison purposes, pristine (knotless) GNRs with identical lengths 
were also considered.

All GNRs were modeled as suspended structures with both ends 
fixed, as illustrated in Fig.  2. Thermal transport properties were inves-
tigated using classical molecular dynamics simulations performed with 
the LAMMPS package [34]. Prior to the NEMD simulations, all systems 
were thermally equilibrated in an NVT ensemble for 100 ps to ensure 
structural relaxation and thermal stability.

Interatomic interactions among all atoms were described using the 
adaptive intermolecular reactive empirical bond order (AIREBO) poten-
tial, which allows for a consistent treatment of C–C, C-H, and H-H inter-
actions within a single framework [35]. This choice ensures an accurate 
description of both the covalent backbone of the graphene nanoribbons 
and the hydrogen-passivated edges, while properly accounting for bond 
2 
Fig. 1. Representative structural stages of the GNR knot formation process. 
Panels (1)-(4) show successive configurations obtained during the tightening 
of a single knot, from the initial pre-knotted geometry to the final tightly closed 
and relaxed configuration. The bottom panels show GNRs with two and three 
knots, respectively. Carbon and hydrogen atoms are shown in green and white, 
respectively.

Fig. 2. Simulation setup used to generate a temperature gradient in a knotted 
GNR. Both ends of the nanoribbon are fixed, while hot and cold thermostatted 
regions are applied near the ends. Atoms are colored according to their 
spatially averaged atomic temperature.

stretching, angle bending, and nonbonded interactions [36]. Addition-
ally, previous studies have shown that AIREBO provides the most 
accurate predictions of vibrational properties of highly curved carbon 
structures relative to first-principles calculations when compared to 
other force fields [37]. After the equilibration stage, the atoms at both 
ends of the GNRs were fixed to define the suspended configuration used 
in the thermal transport simulations.

To create a temperature gradient, two Nosé–Hoover thermostatted 
regions with lengths of 40 Å were defined near the fixed ends of the 
GNRs, as shown in Fig.  2. These regions acted as thermal reservoirs 
maintained at temperatures 𝑇hot = 500 K and 𝑇cold = 300 K, generating 
a heat current flowing from the hot to the cold bath. The temperature 
gradient was established by integrating the equations of motion using 
an NVT ensemble in the thermostatted regions and an NVE ensem-
ble for the atoms located between the two reservoirs for 1 ns. This 
procedure allowed the system to reach a steady state in which the 
energy entering the cold reservoir balances the energy leaving the hot 
reservoir. A similar NEMD methodology has been shown to agree well 
with experimentally obtained results for pristine graphene [38,39].
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Fig.  2 presents an example of the spatial temperature distribution 
obtained for a GNR containing three knots. Once the system reaches the 
stationary regime, characterized by a constant heat flux, the tempera-
ture profile is obtained by dividing the nanoribbon into slabs along the 
transport direction. The temperature of each slab is computed from the 
average kinetic energy of the atoms belonging to that slab, according 
to the equipartition theorem [40–42]: 

𝑇𝑖 =
1

3𝑁𝑖𝑘B

𝑁𝑖
∑

𝑗=1

𝑝2𝑗
𝑚𝑗

, (1)

where 𝑇𝑖 is the temperature of the 𝑖th slab, 𝑁𝑖 is the number of atoms in 
the slab, 𝑘B is the Boltzmann constant, and 𝑚𝑗 and 𝑝𝑗 are the mass and 
linear momentum of atom 𝑗, respectively. This slab-based definition 
provides a physically meaningful description of the local temperature 
under non-equilibrium conditions. It ensures that the resulting temper-
ature profile reproduces the macroscopic temperature gradient imposed 
by the thermal reservoirs. In Fig.  2, the color map represents the slab-
averaged temperatures, obtained by spatial averaging over neighboring 
atoms within a cutoff radius of 5 Å, as implemented in the OVITO 
software [43]. After establishing the steady-state thermal gradient, 
additional MD simulations of 1 ns were performed to compute the 
temperature profile and to monitor the cumulative energy exchanged 
with the hot and cold reservoirs.

The heat current 𝐽 was obtained from the slope of the cumulative 
energy exchanged with the reservoirs as a function of time. Using the 
one-dimensional form of Fourier’s law of heat conduction, the heat flux 
𝑞 is given by 

𝑞 = 𝐽
𝐴

= 𝜅 𝑑𝑇
𝑑𝑥

, (2)

where 𝐴 is the effective cross-sectional area defined as 𝐴 = (𝑊 ×
3.35) Å2, with 3.35 Å corresponding to the conventionally assumed 
thickness of a graphene monolayer, 𝑑𝑇 ∕𝑑𝑥 is the temperature gradient, 
and 𝜅 is the thermal conductivity.

Local discontinuities 𝛥𝑇  in the temperature profile are indicative 
of thermal resistances (𝑅). This concept is commonly used to describe 
heat transport across interfaces between different materials, defining 
the so-called Kapitza resistance [44], which is expressed as: 

𝑅 = 𝛥𝑇
𝑞

. (3)

Although originally introduced for heterogeneous interfaces, Kapitza
like thermal resistances have also been reported in systems composed 
of a single material in the presence of defects [45–48] and lattice 
distortions [49–53].

3. Results

We will first discuss the steady-state temperature profiles along 
GNRs with 0, 1, 2, and 3 knots under a thermal gradient. This result 
enables us to directly determine the impact of localized geometrical 
distortions on the inhomogeneity of spatial temperature distribution 
and changes in the heat-transport mechanism across the nanoribbon. In 
the current study, it is shown that the presence of knots facilitates the 
distinction of local temperature discontinuities and provides a meaning-
ful way to interpret knots as additional scattering centers for phonons. 
From these profiles we then calculate the heat current-response and 
obtain the thermal resistance of individual knots, focusing on whether 
and how this resistive contribution changes with increasing number of 
knots.

The temperature profiles of GNRs without knots and with one, 
two, and three knots are presented in Fig.  3. Flat regions and knot 
positions were distinguished by mapping the physical location of the 
knots directly onto the temperature profile, where the 𝑥-coordinate 
represents the center of the spatial blocks (bins) used to calculate 
the local temperature. For all cases, we performed three independent 
NEMD simulations and reported error bars for each spatial bin in which 
3 
the local temperature is computed. In all cases, the red lines indicate 
flat regions of the nanoribbons in which the temperature varies approx-
imately linearly with position, and the temperature gradient 𝑑𝑇 ∕𝑑𝑥
remains nearly constant. The green lines correspond to the regions 
where knots are located and where deviations from this linear behavior 
are observed. For the pristine GNR shown in Fig.  3(a), a well-defined 
linear temperature profile is obtained along most of the nanoribbon 
length, indicating diffusive heat transport. Nonlinear variations appear 
only near the thermal baths, where the temperature changes more 
rapidly due to phonon scattering at the interfaces between thermostat-
ted and non-thermostatted regions, a behavior commonly observed in 
NEMD simulations [54–56].

In contrast, the temperature profiles of GNRs containing 1, 2, and 
3 knots, shown in Figs.  3(b–d), exhibit clear temperature drops at the 
positions of the knots. Each knot introduces a localized discontinuity 
𝛥𝑇  in the temperature profile, accompanied by a change in the local 
temperature gradient relative to the flat regions. These features indicate 
that the knots act as localized thermal resistances, where additional 
phonon scattering induced by the geometric distortion reduces the 
effective heat transport. As the number of knots increases, multiple 
temperature drops appear along the nanoribbon, each associated with 
a distinct knot, demonstrating that the overall thermal resistance in-
creases through the successive addition of these localized resistive 
elements.

To determine the thermal conductivity 𝜅 of the system, we first 
evaluate the heat flux 𝑞 generated in the NEMD simulations. This is 
achieved by monitoring the time evolution of the cumulative energy 
exchanged with the hot and cold reservoirs. The heat current 𝐽 is 
obtained from the slope of the linear fits to these cumulative energy 
curves, as illustrated in Fig.  4(a) for the case of a GNR containing 
one knot. In this example, the slopes associated with the right and left 
reservoirs are 0.748 and −0.749 eV/ps, respectively, indicating that a 
steady-state heat flow has been established. The heat current is then 
computed as the arithmetic average of the absolute values of these 
slopes, yielding 𝐽 = (0.748 + | − 0.749|)∕2 ≈ 0.749 eV/ps.

Fourier’s law was applied only to regions where the temperature 
varies linearly with position. Accordingly, the thermal conductivity of 
each flat or knotted segment is obtained by dividing the heat flux 
by the absolute value of the corresponding temperature gradient. As 
previously shown by the temperature profiles in Fig.  3, the knotted 
regions behave as segments with an effective thermal conductivity 
𝜅𝑘 that differs from that of the flat regions. The effective thermal 
conductivity of the entire quasi-one-dimensional structure is therefore 
calculated using a series-resistance model commonly employed for 
layered composites [54,57], given by: 

1
𝜅eff

=
𝑁𝑘+1
∑

𝑖=1

𝜙𝑖
𝜅𝑖

+
𝑁𝑘
∑

𝑖=1

𝜙𝑘
𝑖

𝜅𝑘
𝑖
, (4)

where 𝑁𝑘 is the number of knots, 𝜙𝑖 = 𝑙𝑖∕𝐿𝑥 and 𝜙𝑘
𝑖 = 𝑙𝑘𝑖 ∕𝐿𝑥 are the 

length fractions of the flat and knotted regions, respectively, and 𝜅𝑖 and 
𝜅𝑘
𝑖  are their corresponding thermal conductivities.
Each 𝜅𝑖 is obtained as: 

𝜅𝑖 = 𝑞
(

|

|

|

|

𝑑𝑇
𝑑𝑥

|

|

|

|𝑖

)−1
, (5)

with 𝑞 being the heat flux along the nanoribbon and |𝑑𝑇 ∕𝑑𝑥|𝑖 the slope 
of the temperature gradient in the region 𝑖. An analogous expression 
applies to the knotted regions.

The dependence of both the heat current 𝐽 and the effective thermal 
conductivity 𝜅eff on the number of knots is shown in Fig.  4(b). For the 
pristine GNR, the heat current is approximately 0.75 eV/ps and the 
effective thermal conductivity is close to 75 W/mK. The introduction 
of a single knot leads to a marked decrease of both quantities, with 𝐽
decreasing to about 0.50 eV/ps and 𝜅eff to roughly 50 W/mK. When two 
knots are present, the heat current is further reduced to approximately 
0.43 eV/ps, while 𝜅  drops to around 32 W/mK. For three knots, 𝐽
eff
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Fig. 3. Temperature profiles of GNRs with (a) zero, (b) one, (c) two, and (d) three knots. Red lines correspond to linear regressions performed in flat regions 
without knots, and green lines indicate the fitted temperature gradients within the knot regions.
Fig. 4. Heat current and effective thermal conductivity. (a) Time evolution of the cumulative energy exchanged with the hot and cold reservoirs and their 
corresponding linear fits. (b) Dependence of the heat current 𝐽 and the effective thermal conductivity 𝜅eff on the number of knots.
reaches values close to 0.32 eV/ps and 𝜅eff decreases to about 22 W/mK. 
This monotonic decay indicates that each additional knot contributes 
to an extra thermal resistance, progressively suppressing heat transport 
as the number of knots increases.

With the heat flux obtained for all cases, we can calculate the 
Kapitza resistance induced by the presence of knots in the GNRs. 
Table  1 shows the temperature drops 𝛥𝑇  associated with each knot 
for nanoribbons containing 1, 2, and 3 knots, now averaged over 
independent runs with associated statistical uncertainties. In the single-
knot configuration, a temperature discontinuity of 𝛥𝑇 = 53.2 ± 8.0 K 
is observed. For two knots, the temperature drops to 50.1 ± 3.2 and 
41.0 ± 16.8 K, indicating a reduction relative to the single-knot case, 
although the second knot exhibits a relatively large statistical uncer-
tainty. When three knots are present, 𝛥𝑇  further decreases to values 
4 
between 40.7 ± 1.3 and 49.2 ± 0.7 K, confirming a systematic reduction 
in the temperature discontinuity as additional knots are introduced. 
Despite this decrease, the corresponding Kapitza resistances remain of 
the same order of magnitude. The resistance is 2.14±0.34×10−10 m2K/W 
for one knot, 2.38 ± 0.19 and 1.96 ± 0.82 × 10−10 m2K/W for two knots, 
and values between 2.67± 0.01 and 3.23± 0.04× 10−10 m2K/W for three 
knots. Within the statistical uncertainties, the single- and two-knot 
cases are consistent with each other, while the three-knot configura-
tion shows a tendency toward slightly higher resistance values. This 
behavior reflects the proportional reduction of the heat flux 𝑞 (and 
correspondingly 𝐽 ) as additional knots are introduced, keeping the 
ratio 𝛥𝑇 ∕𝑞 approximately constant for each knot within uncertainty. 
Consequently, each knot contributes an approximately similar thermal 
resistance, and the total thermal resistance of nanoribbons containing 
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Fig. 5.  (a) Participation ratio as a function of frequency for graphene nanoribbons with no knots and with one, two, and three knots. (b) Spatial distribution of 
the localized vibrational energy for a representative knotted configuration at 300 K. (c) Longitudinal profile of the local energy projected onto carbon atoms for 
different knot configurations. (d) Longitudinal profile of the local energy projected onto hydrogen atoms for different knot configurations.
Table 1
Temperature drops 𝛥𝑇  and the corresponding interfacial 
Kapitza thermal resistances 𝑅 induced by each knot for 
GNRs with one, two, and three knots.
 Number of knots 𝛥𝑇  [K] 𝑅 [10−10m2/W K] 
 1 53.2 ± 8.0 2.14 ± 0.34  
 2 50.1 ± 3.2 2.38 ± 0.19  
 41.0 ± 16.8 1.96 ± 0.82  
 
3

47.3 ± 2.9 3.11 ± 0.19  
 40.7 ± 1.3 2.67 ± 0.01  
 49.2 ± 0.7 3.23 ± 0.04  

two and three knots remains consistent with a series association of 
localized thermal resistances, with possible deviations emerging only in 
the three-knot configuration due to increased knot–knot interactions.

To further elucidate the microscopic origin of heat transport in knot-
ted graphene nanoribbons, we analyze phonon localization through 
the participation ratio (PR) and the corresponding spatial distribution 
of vibrational energy. The participation ratio for a phonon mode 𝜆 is 
defined as 
𝑃𝜆 = 1

𝑁
∑

𝑖
(
∑

𝛼 |𝜀𝑖𝛼,𝜆|
2)2

, (6)

where 𝑁 is the total number of atoms, 𝜀𝑖𝛼,𝜆 is the 𝛼-th Cartesian 
component (𝛼 = 𝑥, 𝑦, 𝑧) of the eigenvector of mode 𝜆 at atom 𝑖. The 
PR quantifies the degree of localization of a phonon mode, with values 
close to unity corresponding to extended modes and small values indi-
5 
cating spatially localized vibrations. To visualize where these localized 
modes reside in real space, we compute the local vibrational energy 

𝐸𝑖 =
∑

𝜆, 𝑃𝜆<0.4

(

𝑛𝜆 +
1
2

)

ℏ𝜔𝜆
∑

𝛼
|𝜀𝑖𝛼,𝜆|

2, (7)

with 𝜔𝜆 is the angular frequency of mode 𝜆, ℏ is the reduced Planck 
constant, and 𝑛𝜆 = [exp(ℏ𝜔𝜆∕𝑘𝐵𝑇 )−1]−1 is the Bose–Einstein occupation 
factor at temperature 𝑇 . The summation is restricted to modes with 
𝑃𝜆 < 0.4 to isolate spatially localized phonons, as commonly adopted 
in the literature [58], thereby highlighting regions where vibrational 
energy is confined and which are most relevant to phonon scattering 
and thermal resistance.

Fig.  5(a) shows the participation ratio (PR) as a function of fre-
quency for graphene nanoribbons with different numbers of knots, 
where the overall reduction in PR with increasing knot number indi-
cates an enhanced presence of localized phonon modes. The spatial dis-
tribution of the corresponding localized vibrational energy is illustrated 
in Fig.  5(b), where higher intensity colors are clearly concentrated 
within the knot region for both carbon and hydrogen atoms, confirming 
that knots act as strong phonon localization centers. Although the 
overall magnitude of the local energy is higher on the edge due to pas-
sivating hydrogen atoms, an enhancement within the knot is observed 
for both atomic species, indicating that the knot geometry amplifies 
vibrational localization beyond the intrinsic edge effect.

To further quantify this behavior, Figs.  5(c) and (d) present the 
longitudinal profiles of the local energy projected onto carbon and 
hydrogen atoms, respectively. The carbon atoms exhibit pronounced 
localization peaks in the vicinity of the knots, directly reflecting the 
role of the carbon backbone in longitudinal heat transport. In contrast, 
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Fig. 6. Thermal transport in asymmetrically three-knot GNRs. (a) Simulation setup illustrating the asymmetric knot arrangement and the definition of forward 
and backward heat transport. (b) Temperature profiles for forward and backward configurations. (c) Time evolution of the cumulative energy exchanged with 
the hot and cold reservoirs for forward, backward, and symmetric configurations.
hydrogen atoms display larger absolute values due to their lighter mass 
and high-frequency vibrational character, while still showing an overall 
increase in the knot regions. These results indicate that, although 
edge hydrogen atoms dominate the magnitude of the local energy, the 
knot-induced localization is a collective effect involving both carbon 
and hydrogen atoms, with longitudinal thermal transport primarily 
governed by the carbon network.

In the two-knot system, the localized energy becomes more strongly 
concentrated within each knot region for both atomic species. In con-
trast, in the three-knot configuration, the spatial distribution of the 
localized energy along the edge remains relatively extended along the 
ribbon, suggesting that the vibrational response is not fully confined to 
individual knots. This inhibited confinement indicates that the presence 
of additional knots promotes stronger phonon localization, thereby 
increasing scattering and reducing the ability of vibrational modes to 
propagate along the ribbon. This provides a possible explanation for 
why the resistance remains similar from one to two knots but increases 
in the three-knot configuration, despite identical knot spacing.

Lastly, we have also investigated the thermal transport in a knotted 
GNR with an asymmetric knot arrangement to assess the potential 
emergence of thermal rectification effects. This analysis is motivated 
by previous studies reporting rectification in geometrically asymmetric 
graphene and MoS2 nanoribbons, where reversing the temperature 
bias leads to different heat fluxes [45,46,59–62]. In the present case, 
asymmetry is introduced by displacing one of the knots relative to 
the others, as illustrated in Fig.  6(a), where the first two knots are 
separated by 100 Å and the third knot is placed 50 Å away from the 
second one. Two thermostatted regions are applied near the fixed ends 
of the nanoribbon at temperatures 𝑇left and 𝑇right, defining forward heat 
transport when 𝑇left > 𝑇right and backward transport when 𝑇left < 𝑇right.

The temperature profiles corresponding to the forward and back-
ward configurations are shown in Fig.  6(b). The backward profile is 
6 
essentially a mirror inversion of the forward one, indicating that the 
local temperature gradients and temperature drops at the knot positions 
are nearly identical upon reversing the thermal bias. This symmetry is 
further reflected in the cumulative energy curves displayed in Fig.  6(c), 
where the total energy exchanged with the reservoirs after 1 ns differs 
by approximately 0.7% between forward and backward cases. This 
difference is comparable to the uncertainty associated with reaching 
the steady state, estimated to be about 0.5%, indicating that the heat 
currents in both directions are effectively the same within numerical 
accuracy.

To quantify the rectification effect, we computed the rectification 
factor: 
𝜂 =

𝑞𝑓
𝑞𝑏

− 1, (8)

where 𝑞𝑓  and 𝑞𝑏 are the heat fluxes in the forward and backward 
directions, respectively. For the asymmetrically knotted GNR consid-
ered here, we obtained 𝜂 ≈ 0.3%. This value is significantly smaller 
than rectification factors reported for other asymmetric graphene and 
MoS2 nanoribbons, which typically range from 1% up to 25% in NEMD 
simulations [45,46,60]. Therefore, despite the geometric asymmetry 
introduced by the displaced knot, the resulting rectification remains too 
weak to characterize knotted GNRs as efficient thermal diodes.

This behavior can be understood by noting that knot formation 
primarily induces localized strain and structural distortions that act as 
phonon scattering centers but do not introduce a sufficiently strong 
directional asymmetry in phonon transmission. As a result, although 
each knot contributes to thermal resistance, the overall heat transport 
remains largely reciprocal upon reversing the temperature bias. Effects 
related to size dependence, such as variations in ribbon length and 
width, which significantly influence thermal transport in graphene-
based systems, were not addressed in the present work and will be 
considered in future investigations.
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The atomic-level precision achieved in the bottom-up fabrication of 
nanoribbons with tunable topological phases [63] demonstrates that 
complex geometric control is already possible in carbon-based systems. 
Furthermore, the successful creation of intricate molecular knots in 
synthetic polymers [64] and the study of knot dynamics in DNA [65] 
highlight the growing technical ability to manipulate topology at the 
nanoscale. These cross-disciplinary advancements suggest that struc-
tural knots can serve as robust modulators of physical properties in 
low-dimensional materials. We have updated the manuscript to include 
these references and to discuss how these emerging techniques bridge 
the gap between our theoretical findings and practical implementation 
in 2D systems.

4. Conclusions

In conclusion, we have investigated the thermal transport in knotted 
GNR using NEMD, focusing on the role of geometric knots as sources of 
phonon scattering. The results demonstrate that each knot introduces 
a localized temperature discontinuity, which can be consistently inter-
preted as a Kapitza-like thermal resistance arising from local curvature, 
strain fields, and lattice distortion. Notably, the thermal resistance 
associated with an individual knot remains nearly constant. In contrast, 
the total thermal resistance increases approximately linearly with the 
number of knots, evidencing a series-like addition of localized resistive 
elements along the nanoribbon.

The presence of multiple knots leads to a systematic decrease in both 
the heat current and the effective thermal conductivity, with values 
decreasing from those of pristine ribbons to approximately one-third 
when three knots are introduced. Despite variations in the relative 
magnitude of the local temperature jumps, the corresponding Kapitza 
resistances remain within a narrow range, confirming that the domi-
nant effect of additional knots is the suppression of heat flux rather 
than a qualitative change in the transport mechanism.

We have also analyzed an asymmetrically knotted nanoribbon to 
assess the possibility of an effective thermal rectification. The forward 
and backward transport regimes exhibit nearly identical temperature 
profiles and cumulative energy exchange. The resulting rectification 
factor remains below one percent, indicating that knot-induced asym-
metry alone is insufficient to generate a pronounced non-reciprocal 
thermal response. This behavior highlights that, while knots act as 
efficient phonon scatterers, they do not break thermal reciprocity to 
a degree comparable to other asymmetric nanostructures reported in 
the literature.

Overall, these findings establish structural knots as robust and 
tunable modulators of thermal transport in graphene nanoribbons, 
enabling controlled suppression of heat conduction through purely 
geometric means. While the present study focused on fixed ribbon di-
mensions, the strong size dependence of thermal transport in graphene-
based systems suggests that the interplay among knot topology, ribbon 
width, and length may provide additional pathways to tailor ther-
mal functionality [19,66]. These aspects will be addressed in future 
investigations. Future studies may also explore alternative sources of 
asymmetry, such as knots with different sizes, multiple or double-knot 
configurations, or variations in knot tightness, which could enhance di-
rectional phonon scattering and potentially induce measurable thermal 
rectification. A systematic investigation of how geometric parameters 
such as knot size, curvature, and tightness affect the Kapitza resistance 
would also provide further insight into the underlying mechanisms and 
is an interesting direction for future work.
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