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A B S T R A C T

A rectangular graphyne sheet is composed of units similar to phenyl rings that are linked by acetylenic
chains, as in hexagonal 𝛾-graphyne. This system is organized over a rectangular lattice similar to that of the
recently synthesized biphenylene network. We investigate the stability of this layered material from different
perspectives and study its electronic structure. Rectangular graphyne is a semiconducting system in its pristine
form. It features a pair of highly localized states. These characteristics are correlated with the structural
anisotropy of the system, since its frontier states behave like quasi-1D states embedded in the 2D lattice.
We further consider modified systems in which longer acetylenic links are introduced. We discuss how a
strategic choice of the position of these longer bridges leads to specific changes of the electronic structure of
the rectangular graphyne sheet.
1. Introduction

The science and engineering of nanostructured materials have be-
come central to the development of new platforms for future electronic
applications. Among those materials, nanocarbons occupy a special
position, as they can be found in all three low-dimensional config-
urations, ranging from 0D (e.g., fullerenes), 1D (e.g., nanotubes, and
nanoribbons), to 2D (e.g., graphene) [1]. In two dimensions, graphene
is the most striking example of a test bed for new fundamental physics
and potential for applications [2–5]. It features an electronic structure
with Dirac cones [6] and hosts a variety of interesting phenomena such
as Klein tunneling [7] and high carrier mobility [8]. The need to open a
band gap in graphene and tune its electronic properties has motivated
many studies related to structural modifications, including variations
in nanoribbon structures [9], the introduction of defects [10], and
the formation of other carbon heterostructures with different chemical
species [11].

Another pathway to expand the collection of known properties
of carbon at the nanoscale is the proposal of new two-dimensional
allotropes with structural details markedly different from those of
graphene. The past two decades have witnessed the proposal of several
new carbon lattices with a broad set of electronic behaviors [12–16].
Although most of these systems have only been theoretically proposed,
the synthesis of 2D biphenylene (BPN) [17] and other nanoribbons
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with non-hexagonal rings [18] has highlighted their relevance in the
field of nanoscience. Many of these systems are solely composed of
𝑠𝑝2 atoms, but exploring other hybridized states of carbon has further
expanded the family of 2D nanocarbons as well. Graphyne (GY) systems
are among the most representative examples in this regard [19,20].
In addition to being considered in many theoretical proposals, recent
advances in graphyne science include the experimental realization of
some representative systems [21–23]. Graphyne systems consist of a
carbon layer containing a mixture of 𝑠𝑝 and 𝑠𝑝2 carbon atoms. These
lattices are usually derived in some way from the structure of graphene,
by introducing acetylenic units (−C ≡ C−) in lieu of selected C−C bonds
from the honeycomb lattice [24,25]. These hexagonal GYs display
variable electronic structures ranging from metallic to semiconducting,
as well as spin–orbit coupling [26,27] and double-layer setups [28]
have revealed interesting physical behaviors. The study of graphynes
has expanded to lattices different from graphene, such as systems
with tetragonal symmetry [29], hexagonal lattices containing tetrag-
onal rings [30,31], layers with pentagonal and heptagonal pores [32],
among others [33,34].

The 𝛾-GY monolayer is an interesting case structure in the broader
context of efforts to open a band gap in graphene-like structures. Simu-
lations show that it is a semiconducting system [35] and it has recently
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been synthesized [23]. The structure of a 𝛾-GY layer is composed of
hexagonal rings of 𝑠𝑝2 hybridized atoms linked to each other by −C ≡
C− bridges in a hexagonal lattice. Similarly to how the 𝛾-GY system
can be thought of as a structural variation of a graphene layer, we
propose a two-dimensional graphyne system that can be viewed as a
variation of BPN, which is an already synthesized 𝑠𝑝2 structure [17].
In the proposed system (which we will call r𝛾GY), hexagonal 𝑠𝑝2 rings
are linked to each other by acetylenic links in a manner similar to
the linking hierarchy of another synthesized structure, the hexagonal
porous graphyne (HGY) [36,37]. We use theoretical calculations to
demonstrate that r𝛾GY is a stable system and a semiconducting ma-
terial with highly anisotropic electronic properties. We show that the
electronic structure of the system can be tuned with the introduction
of longer acetylenic chains.

2. Methods

We use Density Functional Theory (DFT) [38,39], as implemented
in the SIESTA code [40] to compute the physical properties of r𝛾GY.
The generalized gradient approximation (GGA) is adopted for the
exchange–correlation functional according to the
Perdew–Burke–Ernzerhof (PBE) parameterization [41]. Core electrons
are represented using norm-conserving Troullier–Martins pseudopoten-
tials [42], and valence electrons are described in terms of a double-𝜁
polarized (DZP) basis set. The grid for real-space integration is defined
by a 400 Ry mesh cutoff. A vacuum region of 20 Å is included
along the direction perpendicular to the molecular planes of the two-
dimensional systems to avoid interactions between periodic images. A
total of 30 × 32 Monkhorst–Pack 𝑘 points are used to perform Brillouin
zone (BZ) integrations in the r𝛾GY system. Other systems studied are
sampled with 𝑘 grids of similar density. Structural optimizations are
performed without constraints, considering a maximum threshold force
of 0.01 eV/Å for each atom and a maximum tolerance of the stress
component of 0.1 GPa for the optimization of the lattice parameters.

To evaluate the dynamical stability of r𝛾GY, we computed its
phonon band structure. For this part of the study, the calculations were
performed with DFT-based simulations using the GPAW code [43,44]
and the ASE [45,46] package. The force constants were obtained by
the finite difference method (with a displacement distance of 0.01 Å)
together with the PHONOPY package [47]. GPAW uses the grid-
based projector augmented wave (PAW) method in the description of
electron–ion interactions [48], while the manipulation and analysis
of atomic simulations were performed with the aid of the atomic
simulation environment (ASE) package [45]. We also used the GGA-
PBE functional for the GPAW simulations. The plane-wave basis set
was defined according to a 500 eV energy cutoff, and a smearing
of 0.1 eV was used to compute Fermi–Dirac occupation. We used a
2 × 2 × 1 Monkhorst–Pack k-point grid to sample the Brillouin-zone of
the 3 × 3 × 1 supercell. Atomic coordinate optimization was carried
out with a quasi-Newton method according to the maximum threshold
values of 1 meV/Å for atomic forces and 0.01 GPa for stress, with the
structures further symmetrized with PHONOPY.

3. Results and discussion

The atomic structure of the GY sheet studied here is illustrated in
Fig. 1b. Two different perspectives were considered as the basis for the
proposal of the structure of interest. First, the system can be viewed
as theoretically originating from a BPN sheet (illustrated in Fig. 1a)
where some C − C bonds are substituted by acetylenic bridges while
preserving the hexagonal rings formed solely by 𝑠𝑝2-hybridized atoms.
This is analogous to the way a 𝛾-GY sheet (depicted in Fig. 1d) can
be generated from a graphene layer (Fig. 1c). Taking into account this
hypothetical construction, we call the structure shown in Fig. 1b ‘‘𝛾-
BPN-GY’’. Alternatively, its assembly can be thought of as similar to
that derived from holey graphyne (HGY, illustrated in Fig. 1e), where
2 
Fig. 1. Ball-and-sticks representation of the atomic structure of (a) 2D biphenylene
(BPN), (b) r𝛾GY, (c) graphene, (d) 𝛾-graphyne, and (e) hexagonal porous graphyne
(HGY). In each case, the primitive unit cell is highlighted by a red rhombus or polygon.
In (f), we highlight details of the atomic structure of r𝛾GY, namely its lattice parameters
𝑎 and 𝑏, its unit cell (red rectangle), and the identification of the non-equivalent atoms
in the structure (labeled 1, 2, 3, and 4). (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

hexagonal rings are linked by pairs of acetylenic bridges in a hexagonal
network. However, in the system studied here, this assembly with pairs
of −C ≡ C− links is associated with a rectangular network, resulting in
a rectangular version of HGY. Using a recently proposed standard tax-
onomy [49], this system can be labeled as 𝑟4126

1
08

1
4-graphyne. Hereafter

we will simply refer to the studied structure as r𝛾GY, with ‘‘r’’ standing
for its rectangular lattice and 𝛾 referring to the fact that it contains a set
of hexagonal rings made fully of 𝑠𝑝2 atoms, as in 𝛾-GY. We note that the
r𝛾GY pores originating from the BPN tetragons have a total of 8 atoms
each (4 𝑠𝑝 and 4 𝑠𝑝2 atoms). However, to simplify the terminology
used in the discussion of the results, we will conventionally refer to
the C − C ≡ C − C sectors of this r𝛾GY pore as a single edge and refer
to these pores as 4-membered or simply tetragonal units. Similarly, the
r𝛾GY pores originating from BPN’s octagons will be referred to as 8-
membered or simply octagonal pores (even though they contain a total
of 16 carbon atoms each).

The structure’s lattice parameters are illustrated in Fig. 1f and their
values are 𝑎 = 6.92 Å and 𝑏 = 6.28 Å. Its symmetries are contained in
the 𝑝𝑚𝑚2 wallpaper group, which includes a set of 𝐶2 symmetry axes
at the (1) center, (2) corners, and (3) mid-points of the edges of the
rectangular unit cell represented in Fig. 1f. A pair of orthogonal mirror
planes pass at each of these 𝐶 axes. In Fig. 1f, we also identify the four
2
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Table 1
Formation energies per atom for graphene, BPN, 𝛾-GY, r𝛾-GY, HGY, and a polyyne
chain.

System 𝐸form
1 (eV/atom) System 𝐸form

2 (eV/atom)

Graphene 0.000 Graphene 0.000
BPN 0.483 Polyyne 0.000
𝛾-GY 0.752 𝛾-GY 0.107
r𝛾GY 0.854 r𝛾GY 0.209
HGY 0.854 HGY 0.210
Polyyne 1.289 BPN 0.483

nonequivalent atoms in the structure (blue circles labeled as 1, 2, 3, and
4). The bonds forming the hexagons (𝑑12 and 𝑑22) are ∼ 1.42 Å and
∼ 1.44 Å long, respectively. These bond lengths are very similar to
each other and close to the carbon–carbon distance in graphene. The
hexagonal rings in r𝛾GY show much closer similarity to the hexagonal
rings from graphene than when we compare graphene and BPN, as the
carbon–carbon bond lengths in the BPN hexagons are ∼ 1.41 Å and ∼
1.46 Å, as calculated by the same methods. In fact, it has been discussed
that non-hexagonal rings are better accommodated in graphyne sheets
than in full-𝑠𝑝2 layers with similar geometry, as the acetylenic bridges
and the large pore structure of graphynic systems allow better oppor-
tunities for the release of strain over the structure [32]. This is the case
for the 4- and 8-membered rings from BPN. In BPN we observe bond
angles of 90◦ (inside the tetragons), while the corresponding sectors in
r𝛾GY show broader angles (∼ 114.854◦) that are closer to the 120◦ value
associated with perfect 𝑠𝑝2 hybridization. Another important structural
element is the bond angle at the atoms labeled 4 in Fig. 1f, that is,
∼ 155.15◦, which is about 25◦ lower than the corresponding angle of the
ideal 𝑠𝑝 hybridization (as in the case of the atom labeled 3 in Fig. 1f).
Because of this, the hybridization of atom 4 is intermediate between the
𝑠𝑝 and 𝑠𝑝2 cases, although we will conventionally call it ‘‘𝑠𝑝 atom’’ since
it has two first-nearest-neighbor ligand atoms. We point out, however,
that this distortion relative to a truly 𝑠𝑝 atom (such as atom 3 in Fig. 1f)
is likely to affect the system’s low electronic energy levels significantly.
This will be verified when discussing the properties of the electronic
structure. Finally, the other bond lengths of the system are 𝑑13 ∼ 1.41 Å,
𝑑24 ∼ 1.43 Å, 𝑑33 ∼ 1.23 Å, and 𝑑44 = 1.24 ∼ Å. We note that the bond
length between a 𝑠𝑝 and a 𝑠𝑝2 atom fluctuates over a narrow range,
similar to the lengths of the 𝑠𝑝−𝑠𝑝 bonds, which is a common property
of other graphynic systems [32].

We also compare the stability of r𝛾GY with other systems in terms
of formation energies. These quantities are calculated according to:

𝐸form
1 =

𝐸𝑡 −𝑁atoms𝜇𝐶
𝑁atoms

, (1)

where 𝐸𝑡 is the total energy of the system, 𝑁atoms is the number of
atoms per unit cell, and 𝜇𝐶 the energy per atom in graphene, considered
carbon’s most stable structure. In addition to r𝛾GY, we also calculated
𝐸form
1 for BPN, HGY, 𝛾-GY, and a polyyne chain. The results are listed in
rder of increasing values in Table 1. The values of 𝐸form

1 suggest that
r𝛾GY is as stable as the previously synthesized HGY, and its stability is
intermediate between that of BPN and of a polyyne chain (also observed
experimentally). Compared with 𝛾-GY, r𝛾GY is slightly less stable than
ts hexagonal counterpart.

Another way to compare the relative stability of these systems is
y considering the different 𝑠𝑝 and 𝑠𝑝2 compositions of these structures
hrough different definitions for the chemical potentials of these atoms.
his is done in terms of the synthesized systems composed purely
f 𝑠𝑝 or 𝑠𝑝2 hybridizations, namely, a polyyne chain and graphene,
espectively. This alternative way of defining the formation energy is
iven by:

form
2 =

𝐸𝑡 −𝑁𝑠𝑝𝜇𝑠𝑝 −𝑁𝑠𝑝2𝜇𝑠𝑝2
𝑁atoms

, (2)

where 𝜇𝑠𝑝 (𝜇𝑠𝑝2 ) is defined as the energy per atom in a polyyne chain
(graphene sheet), and 𝑁 ∕𝑁 is the number of 𝑠𝑝∕𝑠𝑝2 atoms, with
𝑠𝑝 𝑠𝑝2

3 
𝑁atoms = 𝑁𝑠𝑝 + 𝑁𝑠𝑝2 . The results for 𝐸form
2 are also listed in order of

increasing values for the different structures considered in Table 1.
This result also confirms that r𝛾GY and HGY have similar stability.
However, the stability of these two systems is closer to that of the
pair of reference systems (graphene and polyyne) than that of BPN.
As we discussed earlier, this result is strongly influenced by the fact
that the internal strain (induced by the presence of angles that are
not strictly 120 degrees as in graphene) over the different ring types
is better accommodated in the graphynic system as a result of the large
pore structure.

We also studied the mechanical stability of r𝛾GY by computing the
components of its elastic tensor. For such a computation, we introduce
lattice distortions by applying uniaxial strain values of −0.01, −0.005,
0.000, 0.005, and 0.01 separately along the 𝑥 and 𝑦 directions over the
plane. These strain values are defined as:

𝜀𝑥𝑥 =
𝑙𝑥 − 𝑙0𝑥
𝑙0𝑥

, and 𝜀𝑦𝑦 =
𝑙𝑦 − 𝑙0𝑦
𝑙0𝑦

, (3)

where 𝑙0𝑥 and 𝑙𝑥 (𝑙0𝑦 and 𝑙𝑦) are the relaxed and strained lattice constants
along the 𝑥 (𝑦) direction, respectively, and 𝜀𝑥𝑥 (𝜀𝑦𝑦) is the corresponding
component of the strain tensor. We also consider the same values
for the biaxial strain (where 𝜀𝑥𝑥 = 𝜀𝑦𝑦). Since r𝛾GY is expected to
be anisotropic, we also applied a shear stress (𝜀𝑥𝑦). While the lattice
vectors of the relaxed system are given by

𝐚1 = (𝑙0𝑥, 0) and 𝐚2 = (0, 𝑙0𝑦), (4)

we write the vectors under shear strain as [50]

𝐚1 = (𝑙0𝑥, 𝑙
0
𝑦𝜀𝑥𝑦) and 𝐚2 = (𝑙0𝑥𝜀𝑥𝑦, 𝑙

0
𝑦). (5)

For 𝜀𝑥𝑦, we used the same values considered for uniaxial and biaxial
strains. For these systems, we calculated the elastic strain energy 𝑈 (𝜀)
defined as the difference between the total energy of the strained and
relaxed systems per unit area. For low-strain values, such as those used
here, it is written as:

𝑈 (𝜀) = 1
2
𝐶11𝜀

2
𝑥𝑥 +

1
2
𝐶22𝜀

2
𝑦𝑦 + 𝐶12𝜀𝑥𝑥𝜀𝑦𝑦 + 2𝐶66𝜀

2
𝑥𝑦, (6)

where 𝐶11, 𝐶22, 𝐶12, and 𝐶66 are the components of the elastic tensor,
here we used the Voigt notation (1 − 𝑥𝑥, 2 − 𝑦𝑦, 6 − 𝑥𝑦) [51]. A

east-square fitting of the data from the strain simulations is used to
etermine the components of the elastic modulus tensor. For r𝛾GY,
e obtain 𝐶11 = 140.19 N∕m, 𝐶22 = 244.42 N∕m, 𝐶12 = 23.08 N∕m,

and 𝐶66 = 4.16 N∕m. The 𝐶66 value is particularly small since the
variation of the unit cell area is significantly smaller for this kind of
strain and due to the high porosity and flexibility of the graphynic
lattice. To be mechanically stable, the components of the tensors of the
elastic modulus must obey the Born–Huang criteria [52–54], namely
𝐶11𝐶22 − 𝐶2

12 > 0 and 𝐶66 > 0, which are verified for r𝛾GY. We also
computed the elastic modulus tensor components for BPN. We obtained
𝐶11 = 251.59 N∕m, 𝐶22 = 285.50 N∕m, 𝐶12 = 104.01 N∕m, and 𝐶66 =
4.77 N∕m. We note that the anisotropic character of r𝛾GY over its

mechanical properties is much more pronounced than for the BPN case,
as the 𝐶22∕𝐶11 ratio is ∼1.74 for the graphynic case, compared to ∼1.13
or the full 𝑠𝑝2 system. Based on the alignment of the bond lengths with
he lattice vectors (see Fig. 1a,b), we expected 𝐶22 to be larger than
11 because part of the bonds are orthogonal to the 𝑦 direction, so that

he bonds are, on average, more closely aligned with the 𝑥 direction
han with the 𝑦 axis. Being more specific, three bonds (including the
C ≡ C− acetylenic bridges) per unit cell are parallel to the 𝑥 axis,
ther four lie intermediate between the 𝑥 and 𝑦 directions and none
re parallel to the 𝑦 axis. Since the graphynic system has three bonds
two single and one triple bond) for some of BPN’s bonds, there is more
argin for r𝛾GY to host strain, and the difference in the mechanical
roperties is more intense for the less dense system. In line with this
iscussion, the pore structure and the expected larger flexibility of the
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Fig. 2. Young’s modulus 𝑌 (red curves) and Poisson’s ratio 𝜈 (blue curves) versus the
in-plane direction (denoted by the angle 𝜃) for BPN and r𝛾GY. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version
of this article.)

graphyne structure further influence the values of the elastic modulus
components, which are smaller than for the 𝑠𝑝2 case.

Once we have the components of the elastic tensor, we can easily
calculate quantities such as Young’s modulus (𝑌 ) and Poisson’s ratio (𝜈)
as a function of the in-plane direction (denoted by the angle 𝜃) using
the following equations [55]:

𝑌 (𝜃) =
𝐶11𝐶22 − 𝐶2

12

𝐶11 cos4 𝜃 + [(𝐶11𝐶22 − 𝐶2
12)∕𝐶66 − 2𝐶12] cos2 𝜃 sin

2 𝜃 + 𝐶22 sin
4 𝜃

(7)

and

𝜈(𝜃) =
𝐶12(cos4 𝜃 + sin4 𝜃) − [𝐶11 + 𝐶22 − (𝐶11𝐶22 − 𝐶2

12)∕𝐶66] cos2 𝜃 sin
2 𝜃

𝐶11 cos4 𝜃 + [(𝐶11𝐶22 − 𝐶2
12)∕𝐶66 − 2𝐶12] cos2 𝜃 sin

2 𝜃 + 𝐶22 sin
4 𝜃

.

(8)

The 𝑌 (𝜃) and 𝜈(𝜃) relations for BPN and r𝛾GY monolayers are de-
picted in Fig. 2. The in-plane Young’s moduli (red curve) and Poisson’s
ratio (blue curve) along the a- and b-axes for BPN are presented in
the upper panel of this figure. It is observed that 𝑌 (0◦) (direction 𝑥)
and 𝑌 (90◦) (direction 𝑦) are 213.7 N/m and 242.5 N/m, respectively.
These values correspond to 𝑌𝑥 = 638 GPa and 𝑌𝑦 = 724 GPa, consid-
ering the thickness of carbon-based two-dimensional systems without
buckling, like graphene, of 0.335 nm [56]. These results demonstrate
that BPN exhibits anisotropic mechanical properties despite the rela-
tively close values. In comparison, Young’s modulus of BPN is approx-
imately between 3/5 to 4/5, depending on the direction, relative to
graphene [57], but within the same range as other theoretically pro-
posed carbon allotropes [57,58]. Additionally, the behavior of Poisson’s
ratio of BPN is also anisotropic, with values of 0.36 along the 𝑥 direc-
tion and 0.41 concerning the 𝑦 direction. This characteristic of BPN
4 
Fig. 3. Phonon band structure for the r𝛾GY sheet along the high- symmetry lines of
the Brillouin zone. The dynamical stability of the system is verified by the absence
of complex frequencies (which would conventionally appear as negative frequencies in
the graphical representation). The acoustic branches along the 𝛤 −𝑋 and 𝛤 −𝑌 feature
a slightly different group velocity (see text).

indicates that the system is ductile (Poisson’s ratio > 0.25) [57]. The
positive Poisson’s ratio also indicates that the system is non-auxetic,
a common characteristic in most carbon-based two-dimensional ma-
terials, which has already been reported for BPN in previous studies,
considering temperature effects [59]. These results, via DFT, have been
previously discussed in the literature using a similar methodology and
are reproduced here for comparison [60].

The lower panel of Fig. 2 presents Young’s Modulus and Poisson’s
ratio of r𝛾GY. A considerable difference in the mechanical properties
of this system compared to BPN is notable in terms of the angular
dependence of the properties calculated here. With a more evident
anisotropy, the Young’s modulus of r𝛾GY is 138 N/m (412 GPa) and
241 N/m (720 GPa) in the 𝑥 and 𝑦 directions, respectively. The values
of Young’s modulus in the 𝑦 direction remain unchanged between both
systems, as r𝛾GY has similar atomic structure as BPN in this direction.
Conversely, in the 𝑥 direction, where acetylenes are inserted to com-
pose r𝛾GY, Young’s modulus is considerably lower than in the case
of BPN, meaning that the system becomes more malleable, resembling
graphyne. The same behavior was observed when comparing graphene
and graphyne [61]. Unlike BPN, r𝛾GY exhibits a considerably more
apparent angular dependence in Poisson’s ratio, still with anisotropy
in the a- and b-directions. The corresponding values are 0.09 (in 𝑥)
and 0.16 (in 𝑦). We have particularly larger values (close to 1.0) when
considering the equivalent directions of 𝜃 = 45◦ ± 𝑘 ⋅ 90◦, with 𝑘 an
integer. Thus, the fracture of r𝛾GY can be ductile or brittle, depending
on the strain direction. However, the Poisson’s ratio of the system
remains below the threshold necessary for ductility in the 𝑥 and 𝑦
directions. Finally, r𝛾GY proves to be dynamically stable, with stiff-
ness characteristics lower than graphene’s but similar to other carbon
allotropes reported in the literature.

We also compute the phonon band structure for r𝛾GY, as shown
in Fig. 3. We note the absence of imaginary modes, which would
conventionally be shown as negative frequencies. This result indicates
that r𝛾GY is expected to be dynamically stable. In addition, the phonons
along the different directions clearly illustrate the anisotropic nature
of the system. First, we note that as expected for a 2D system, one of
the acoustic branch (ZA) is a flexural mode with a marked parabolic
behavior. Second, we can quantify the anisotropy by calculating the
sound velocity (i.e., the slope of the linear acoustic branches) for the
𝛤 − 𝑋 and 𝛤 − 𝑌 directions for the other two acoustic branches (A).
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Fig. 4. (a) Electronic band structure of the r𝛾GY system along high-symmetry lines of
the Brillouin zone and (b) the corresponding DOS as a function of energy. The P1 and
P2 peaks in the DOS plot correspond to the flat bands along the 𝛤 −𝑋 and 𝑆−𝑌 paths.
(c) Surface plot for the frontier bands of r𝛾GY over the entire Brillouin zone. The Fermi
level and electronic bands along the edges of the Brillouin zone are highlighted by red
lines, while the projections of the bands over the high-symmetry lines from the plot in
(a) are represented by green lines. (d–e) LDOS plots for the energies of the P1 and P2
peaks. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

The corresponding values for the 𝛤 − 𝑋 direction are ≈ 2.213 km/s
and 2.918 km/s, while the values for 𝛤 − 𝑌 are ≈ 2.110 km/s and
3.389 km/s. We note that the values for the second TA branch is about
16.1% higher for the 𝛤 − 𝑌 direction compared to 𝛤 −𝑋, respectively,
while the velocity along 𝑦 for the second TA branch is approximately
4.7% lower than that along the 𝑥 direction, suggesting that thermal
conductivities are anisotropic for r𝛾GY. As we will discuss below, the
anisotropic character of r𝛾GY is even more apparent when considering
electronic properties.

In order to obtain insight into the thermal stability of r𝛾GY, we
performed Born–Oppenheimer molecular dynamics (BO-MD) simula-
tions within SIESTA, using a 2 × 2 supercell, at the temperatures of
400 K and 700 K. In these calculations we used an NVT (canonical)
ensemble and a Nosé thermostat. The total simulation time was set
as 10 ps, with a timestep of 0.5 fs. During the entire simulation (for
both temperature values), we observe no bond breaking/formation,
suggesting the stability of r𝛾GY at least up to 700 K. We also quantified
this in terms of the local and global Lindemann indexes [62,63], which
lied below 0.0277 for the 400 K, meaning that bond lengths are not
usually compressed/stretched by more than 2.8%. Such values are still
very small (below 0.0365) for the 700 K simulation, indicating the
structure integrity during the dynamics simulation time.
5 
We now turn to the description of the electronic structure properties
of r𝛾GY. The electronic band structure is shown in Fig. 4a, together with
the corresponding density of states (DOS) shown in Fig. 4b, indicating
that the system is a semiconductor with a 0.45 eV gap. The valence
band maximum (VBM) corresponds to a flat state along the 𝑆−𝑌 path,
which results in a van Hove singularity in the DOS, indicated by the P1
peak shown in Fig. 4b. The valence band also features a local maximum
at the 𝑋 point of the BZ, which lies ∼ 77 meV below the flat band’s
global maximum. In addition, we note a flat region for the conduction
band along the 𝛤 −𝑋 path. However, this flat region lies slightly above
(∼ 35 meV) the global minimum of the band, at the 𝑆 point. Note
that the flat sector of the conduction band results in a prominent peak
(P2) in the DOS plot in Fig. 4b and we note a small shoulder below it,
which corresponds to the conduction band minimum (CBM) at 𝑆. These
features can be seen more clearly in the plot reproduced in Fig. 4c,
where we show the surface plots for the valence and conduction bands
over the entire BZ. In Fig. 4d-e we also plot the local DOS (LDOS) for
the P1 and P2 peaks, indicating that these states are located primarily
around the tetragonal pores, but on complementary sets of bonds.
Namely, P1 is located over the acetylenic bonds of the tetragonal pore
and over the bonds shared by the tetragonal pores and the hexagons,
while P2 lies over the bonds between the 𝑠𝑝 and 𝑠𝑝2 atoms. We also
note that these frontier flat states have negligible contributions from
acetylenic bonds that link successive hexagons along the 𝑎 direction.
These P1 and P2 states are delocalized over quasi-1D sectors along the
𝑏 direction, showing negligible overlap along the orthogonal direction.
Note that the acetylenic bonds along the 𝑎 direction are perfectly linear
and are expected to constitute a more stable sector of the structure
in comparison to the remaining 𝐶 ≡ 𝐶 bonds of the system. This is
because the acetylenic units that make up the tetragonal pores are not
exactly linear. Therefore, this deviation from the ideal 𝑠𝑝 geometry is
expected to result in a stronger association of the frontier levels with
these bonds than for the acetylenic links aligned with the direction 𝑎.
The set of quasi-1D states on this 2D structure is similar to those found
in other systems [64,65]. Here, the lack of overlap for the electronic
clouds along the 𝑎 direction is consistent with the flat feature of the
frontier bands along the parallel 𝛤 − 𝑋 and 𝑆 − 𝑋 paths of the BZ
(which are parallel to the reciprocal lattice vector corresponding to the
𝑎 direction in direct space).

When applying strain for the calculation of r𝛾GY’s mechanical prop-
erties, we also monitored its gap variation. For uniaxial strain along the
𝑥 direction, the gap varied from 0.48 eV (for 𝜀𝑥𝑥 = −0.010) to 0.42 eV
(for 𝜀𝑥𝑥 = −0.010). For uniaxial strain along 𝑦, the gap varied from 0.42
eV to 0.47 eV, but differently from the previous case, the gap increased
(decreased) for tension (compression). For biaxial strain, the gap varied
along a shorter range, from 0.44 eV to 0.45 eV, while the corresponding
variation for shear strain relative to the relaxed case was less than 1
meV.

The semiconducting character of r𝛾GY is shared with its 𝛾-GY
and HGY counterparts, as shown in Fig. 5, where we plot the band
structures of these two systems together with their corresponding DOS.
The band gap for 𝛾-GY (0.45 eV) is nearly the same as that of r𝛾GY,
while the gap for HGY is slightly wider (0.49 eV). A marked difference
between the 𝛾-GY and HGY systems and the r𝛾GY sheet is that the
latter is set on a rectangular lattice, while 𝛾-GY and HGY are hexagonal
structures. It turns out r𝛾GY features a highly anisotropic character
for its frontier states, while the 𝐸 versus 𝑘 relation features a more
isotropic character for 𝛾-GY and HGY. Furthermore, the frontier states
for the rectangular system have a highly localized aspect, while the
hexagonal systems are significantly more dispersive. In fact, the DOS
features prominent peaks close to the system’s VBM and CBM energies
in r𝛾GY, while a step-like curve at the VBM-CBM is observed in the
DOS of the hexagonal systems. The peaks that are closest to the Fermi

energy in 𝛾-GY and HGY are more than 0.5 eV away from 𝐸𝐹 .
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Fig. 5. (a) Electronic band structure along the high-symmetry lines of the Brillouin
zone and DOS for the 𝛾-GY sheet, and (b) for HGY.

It is widely known that DFT simulations based on the PBE functional
are expected to underestimate the band gap of semiconductors. More
accurate gap values can be achieved by means of hybrid functionals.
In order to account for this, we further calculated the band structure
of r𝛾GY using the HSE functional [66,67] within GPAW. We further
calculated the electronic structure of r𝛾GY with the PBE functional
within GPAW for comparison purposes. In Fig. 6 we show the PBE
and HSE calculated band structures. We observe similar results for
PBE when comparing the SIESTA and GPAW results, with just a small
difference in the band gap: 0.45 eV and 0.48 eV for the SIESTA
and GPAW calculations, respectively. Moving to the HSE result, the
bands are similar to those of the PBE calculations in qualitative terms.
However, the HSE gap is 1.02 eV, much larger than the PBE results
(∼ 112.5% larger), as expected.

As it has already been shown for 𝛾-GY, for example, the electronic
properties of the GY structures can be tuned by changing the size of the
acetylenic bridges that make up the backbone of the system. Therefore,
we study the effect of introducing longer acetylenic chains (by adding
another −C ≡ C− unit) in the r𝛾GY lattice. We adopt three different
strategies for adding a linking unit:

1. Only for the acetylenic links connecting successive hexagons
along the 𝑎 direction (type-3 atoms);

2. Only for the acetylenic links connecting successive hexagons
along the 𝑏 direction (type-4 atoms); and

3. For all the acetylenic links in the structure.

These structures are illustrated in Fig. 7a. The first two configu-
rations are labeled 𝑝r𝛾GY and 𝑜r𝛾GY, where 𝑝 and 𝑜 stand for para
nd ortho, as inspired by the terminology for electrophilic aromatic
ubstitution in benzene (considering the positions of the acetylenic
ridges emerging from a hexagonal 𝑠𝑝2 ring). The third configuration
ill be referred to as 𝑎r𝛾GY, where 𝑎 stands for all bonds emerging

rom the hexagonal rings. In Figs. 7b–d, we show the electronic band
 f
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structures for these systems along the high-symmetry lines of the BZ,
as well as the surface plots over the entire zone for the frontier bands.
These three systems maintain the semiconducting character of the
parent r𝛾GY structure, as well as the pair of flat bands along the
𝛤 − 𝑋 and 𝑆 − 𝑌 directions. Each band structure plot in Fig. 7 is also
accompanied by the corresponding DOS plot, where the flat bands give
rise to the emergence of two van Hove singularities similar to the P1
and P2 peaks described for r𝛾GY. The corresponding LDOS plots for
these peaks are also illustrated in Fig. 7. The LDOS for these frontier
levels is also spread like quasi-1D states along the 𝑏 direction of the
sheets, similarly to the case of the r𝛾GY parent structure. These states
are distributed over atoms located around the pores originating from
the BPN tetragons, but the P1 and P2 states differ from each other
by the bonds over which they overlap, in analogy to the parent r𝛾GY
structure.

The (direct) gaps for the 𝑝r𝛾GY, 𝑜r𝛾GY, and 𝑎r𝛾GY structures are
0.50 eV, 0.52 eV, and 0.55 eV, respectively. All these values are higher
than the original r𝛾GY (0.45 eV). In particular, we note that the higher
the ratio between the number of 𝑠𝑝 and 𝑠𝑝2 atoms (all > ortho > para),
the wider the gap, an effect that is correlated with the greater degree of
spatial isolation for the hexagonal 𝑠𝑝2 rings. In addition to the different
gap values, the association of the flat band sectors along the 𝛤 −𝑋 and
𝑆 − 𝑌 paths to valence or conduction bands is different for the 𝑜r𝛾GY
and 𝑎r𝛾GY systems compared to r𝛾GY, while this is not the case of the
𝑝r𝛾GY structure.

To understand these inversions, we plot the real part of the wave
functions for these bands at the 𝛤 , 𝑋, 𝑆, and 𝑌 points of the BZ
for r𝛾GY and for the 𝑝r𝛾GY, 𝑜r𝛾GY, and 𝑎r𝛾GY structures in Fig. 8.
First, we look at the states in r𝛾GY. The plots for this system in Fig. 8
correspond to the flat part of the conduction (valence) band at 𝛤 and
𝑋 (𝑆 and 𝑌 ). In agreement with the LDOS plots shown in Fig. 4d-e,
these wave functions are spread over the atoms located around the
pores originating from BPN’s tetragons. The lobes of the wave function
of the conduction states lie on bonds involving one 𝑠𝑝2 atom of the
hexagonal rings and one 𝑠𝑝 atom of the acetylenic chain. As expected
from the 𝑒𝑖𝐤⋅𝐑 Bloch phase (𝐤 being a vector of the BZ and 𝐑 a direct
lattice vector), the lobes of the wave function at 𝛤 do not change sign
when moving from one cell to another, while those of the wave function
at 𝑋 (do not) invert their sign for neighboring unit cells along the 𝑎 (𝑏)
direction. The r𝛾GY valence states are seen to spread over the 𝑠𝑝2 − 𝑠𝑝2

and 𝑠𝑝 − 𝑠𝑝 bonds of the tetragonal pore. In addition, because of the
Bloch phase, the lobes of the state 𝑆 change sign for neighboring cells
along both 𝑎 and 𝑏 directions, while for the state at 𝑌 this occurs only
long the 𝑏 direction.

Moving to the para system, we observe that additional acetylenic
inks are added between the hexagons along the 𝑎 direction, where
he wave functions corresponding to the flat bands have a negligible
mplitude. As a result, this inclusion does not affect the symmetry of
hese states (as observed in Fig. 8) and the band structures of the r𝛾GY
nd 𝑝r𝛾GY states are qualitatively similar to each other.

We also note that the lobes of the wave functions at 𝑆 and 𝑌 over
he two 𝑠𝑝2 − 𝑠𝑝2 bonds inside a tetragonal pore of the r𝛾GY and 𝑝r𝛾GY
ystems carry the same sign, as they alternate with a lobe with the
pposite sign over the 𝑠𝑝 − 𝑠𝑝 bonds along the 𝑏 direction. In 𝑜r𝛾GY,
e have two −C ≡ C− bonds between the 𝑠𝑝2 − 𝑠𝑝2 lobes, and the

uccessive −C ≡ C− lobes have opposite signs (since they show a nodal
lane in the middle of the ≡ C − C ≡ links). The results show that the
wo 𝑠𝑝2−𝑠𝑝2 lobes inside a tetragonal pore of 𝑜r𝛾GY must have opposite
igns (to accommodate successive nodal planes). However, these wave
unction configurations are no longer compatible with the symmetry of
he 𝑆 and 𝑌 points. Instead, they follow the symmetry at the 𝛤 and

points. Similar arguments can be applied to the 𝛤 and 𝑋 states of
𝛾GY and 𝑝r𝛾GY, which become now compatible with the symmetry of
he 𝑆 and 𝑌 points in 𝑜r𝛾GY. As a result, the valence and conduction

lat states change their position over the BZ in the 𝑜r𝛾GY structure
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Fig. 6. (a) Electronic band structure along the high-symmetry lines of the Brillouin zone for the r𝛾GY sheet calculated with GPAW using the PBE functional for exchange–correlation
effects. (b) Same as (a), but using the HSE functional.

Fig. 7. (a) Schematic representation of how the 𝑝r𝛾GY, 𝑜r𝛾GY, and 𝑎r𝛾GY structures are defined from the parent r𝛾GY structure by the insertion of additional acetylenic units. (b)
Electronic band structure along the high-symmetry lines of the BZ, DOS, surface plot for the frontier bands over the entire BZ, and LDOS plots for the P1 and P2 frontier states
from the DOS for the 𝑝r𝛾GY system. (c) Same as (b) but for the 𝑜r𝛾GY sheet. (d) Same as (b) but for the 𝑎r𝛾GY system.
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Fig. 8. Plots for the real part of the wavefunctions of the r𝛾GY, 𝑝r𝛾GY, 𝑜r𝛾GY, and 𝑎r𝛾GY structures for the flat frontier bands at the 𝛤 , 𝑋, 𝑆, and 𝑌 points of the Brillouin zone.
Positive (negative) wavefunction values are represented by cyan (yellow) surfaces. (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)
compared to the r𝛾GY and 𝑝r𝛾GY cases. Since the 𝑎r𝛾GY system can
be obtained from the 𝑜r𝛾GY case by including additional acetylenic
units between hexagons along the 𝑎 direction, this does not change
the symmetry relations, and the 𝑎r𝛾GY and 𝑜r𝛾GY systems have similar
band structures.

4. Conclusions

This study indicates that r𝛾GY is a nanostructure with the potential
to be synthesized given its dynamical and mechanical stability. This
carbon nanostructure features highly anisotropic properties, since its
elastic properties, phonons, and the character of its frontier electronic
states are remarkably different when considering different crystalline
directions. In addition, r𝛾GY is a semiconducting system in its pristine
2D structure. This is different from many other 2D carbon allotropes
that are usually metallic and require further chemical/physical modifi-
cations for a band gap to open. Finally, r𝛾GY features highly localized
states whose symmetry can be further tuned by changing the size of the
acetylenic chains and by the strategic choice of their location.
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