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A B S T R A C T   

We performed an investigation concerning bipolaron dynamics in armchair graphene nanoribbons (AGNRs) 
under the influence of different electric fields and electron–phonon coupling regimes. By studying the response to 
the electric field, we determined the effective mass and terminal velocity of this quasiparticle in AGNRs. 
Remarkably, bipolarons in narrower AGNRs move as fast as the ones in conjugated polymers. Our findings pave 
the way to enhance the understanding of the behavior of charge carriers in graphene nanoribbons.   

1. Introduction 

Nanoelectronics is currently an exciting field full of possibilities 
[1,2]. The recent development of materials science and engineering 
allowed for the description of several interesting materials [3–5]. Such a 
description made it possible to conceive materials with different prop
erties which, in turn, give rise to electronic devices with superior per
formances [6–8]. Graphene stands out as the most studied and applied 
between these materials [9–13]. Because graphene sheets lack the 
bandgap characteristic of semiconductors, the electronic industry is 
particularly interested in studying Armchair Graphene Nanoribbons 
(AGRNs), i.e., narrow strips of graphene whose lateral edges present a 
specific kind of symmetry [14]. 

As in other organic systems, it is known that a quasi-particle medi
ated transport takes place in AGNR [15–18]. This is due to the balance of 
energy presented between the electronic and the lattice degrees of 
freedom of the system. Thus, depending on the degree of coupling be
tween electrons and lattice, the system presents different transport 
properties [19]. A conclusion that directly follows from these consid
erations is that, to obtain a correct description of the electronic devices 
based on these materials, it is also crucial to understand the properties of 
its charge carriers, particularly when under the action of an external 
electric field. 

One of the most common types of charge carriers that take place in an 
extended organic system is the bipolaron [20,21]. Such structures usu
ally arise when the density of polarons are high [22]. In this case, it is 

usual that the two equally charged polarons might lower their energies 
by sharing the same distortion. Therefore, bipolarons consist of the 
coupling state between two equally charged polarons, thus presenting a 
spinless structure with ±2e charge [22]. 

In this work, we investigate the properties of bipolarons in a narrow 
AGNR (4-AGNR, in which four carbon atoms define its width). We 
investigated the behavior of these charge carriers under different elec
tric fields and electron–phonon coupling regimes. As an important 
result, we described how the effective mass and the terminal velocities 
of these quasiparticles are impacted by the inclusion of external 
excitation. 

2. Methodology 

We make use of a 2D version of the SSH-type Hamiltonian 
[16,23,24], which is analogous to a tight-binding with lattice relaxation 
in a first-order expansion. The electronic degrees of freedom of the 
system are described in a second quantization formalism and the lattice 
is treated classically [24]. Because the two realms are coupled, however, 
the problem ought to be solved self-consistently [23]. 

The electronic transfer integral expresses the hopping of electrons 
between sites and is dependent on the lattice structure as follows: 

ti,j = t0 − αηi,j. (1) 

Fig. 1 presents the labeling of the sites. Here, ηi,j is the variation in 
bond-lengths between two neighboring sites i and j. t0 is the hopping 
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integral of the evenly displaced system and α is the electron–phonon 
coupling constant. Note that the linear dependence of the hopping in
tegral with the site’s position variation is justified because such 
displacement is a small fraction of the equilibrium size (usually smaller 
than 2%) [25]. 

The model semi-classical Hamiltonian of the system is given by: 

H = −
∑

〈i,j〉,s

(
ti,jC

†
i,sCj,s + t*i,jC

†
j,sCi,s

)
+

1
2

K
∑

〈i,j〉

η2
i,j +

1
2M

∑

i
p2

i . (2)  

In Eq. 2, 〈i, j〉 dictates that the sum is to be carried out on over sites only 
[23]. Here Ci,s is the π-electron annihilation operator on site i with spin s 

and C†

i,s its hermitian conjugate, i.e., the corresponding creation oper
ator. 1

2 K
∑

〈i,j〉η2
i,j represents the effective potential associated with 

σ-bonds between carbon atoms in a harmonic approximation with K 
being the elastic constant. 1

2M
∑

ip2
i is the kinetic energy of the sites, pi and 

M are the momenta and mass of the carbon atoms. The Hamiltonian 
parameters adopted here were previous reported in the literature: 2.7 eV 
for t0 and 21 eV/Å2 for K [16–18,26–33]. The values for the electro
n–phonon coupling constant, are studied here and discussed on the re
sults section. 

Beginning with a initial state, for the lattice part of the problem, we 
obtain the expectation value of the system’s Lagrangean, 〈L〉 = 〈Ψ|L|Ψ〉, 
where |Ψ〉 is the Slater determinant, and 

〈L〉 =
M
2
∑

i
ξ̇

2
i −

1
2

K
∑

〈i,j〉

η2
i,j +

∑

〈i,j〉,s
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t0 − αηi,j

)(
Bi,j + B*

i,j

)
(3)  

where, 

Bi,j ≡
∑′

k,s
ψ*

k,s(i)ψk,s(j). (4)  

This term couples the electronic and the lattice degrees of freedom of the 
system. 

Following, we can solve the Euler–Lagrange equation to obtain an 
initial set of coordinates {ηi,j}. Considering such set, a corresponding 
electronic set {ψk,s(i)} is obtained and a new Lagrangean is used to re
turn another set of coordinates {ηi,j}. This process is repeated until 
convergence is achieved, thus obtaining a stationary solution {ηi,j} and 
{ψk,s(i)}. 

The time evolution of the system is carried out by considering the 
time-dependent Schrödinger equation for electrons: 

|ψk,s(t+ dt)〉 = e−
i
ℏ H(t)dt|ψk,s(t)〉. (5)  

The procedure to solve such an equation is detailed in previous works 
[16,34]. 

The dynamics of the lattice part is obtained by the Euler–Lagrange 
equations, which results in the following Newtonian equation 

Mη̈i,j =
1
2

K
(
ηi,j′ + ηi,j′′ + ηj,i′ + ηj,i′′

)
− 2Kηi,j +

1
2

α
(
Bi,j′ + Bi,j′′ + Bj,i′ + Bj,i′′

− 4Bi,j + c.c.
)
.

(6) 

The external electric field E(t) is included by considering the 
following Peierls substitution on the electronic transfer integrals of the 
system 

ti,j = e− iγA(t)( t0 − αηi,j
)
. (7)  

A(t) = A(t)⋅η̂i,j; A(t) is the vector potential whose relation to the electric 
field E(t) is E(t) = − (1/c)Ȧ(t). γ ≡ ea/(ℏc), a is the lattice parameter 
(a = 1.42Åin graphene nanoribbons), e is the absolute value of the 
electronic charge, and c the speed of light. In this work, we turned the 
electric field on adiabatically [25]. In order to allow the periodic 
boundary conditions for the charge carriers, an external electric field 
was considered by including the time-dependent vector potential A(t)
through a Peierls substitution of the phase factor to the hopping integral. 

3. Results 

The main purpose of this work is to investigate how the bipolaron 
dynamic is influenced under different intensities of electric field and 
electron–phonon coupling constant in a narrow AGNR, i.e., one with 
four atoms width. By performing dynamics simulations, this kind of 
investigation allows one to compute the effective mass of this quasi
particle, which is crucial to the description of AGNRs as candidates to 
develop electronic devices. We begin by presenting, in Fig. 2, the sta
tionary properties of a bipolaron in AGNR. Fig. 2(a) presents the bond- 
lengths pattern of the bipolaron endowed system and Fig. 2(b) the 
respective charge density. The direct relation between charge localiza
tion and related lattice deformations are evidence of the quasiparticle 
formation in the organic materials[22]. As we showed in Fig. 2(b) the 
bipolaron’s charge extended for approximately 30 Å. Fig. 2(a) shows 
that this is the same region in which a more pronounced displacement of 
the bond-length is present. For the sake of comparison, Fig. 2(c) shows 
the bond lengths values for the neutral and charged 4-AGNR lattices. 
The charged lattice contains just one bipolaron. In these lattices, one can 
note the appearance of relevant peaks about 1.43 Å and 1.42 Å for the 
neutral and charge cases, respectively, in distinct positions. Such a kind 
of lattice configuration denotes that 4-AGNR lattices are very distortable 
in the presence of a bipolaron. 

Fig. 3 illustrates the bipolaron dynamics in the presence of an 
external electric field. To do so, we depicted the time evolution for the 
bipolaron’s mean charge density in an AGNR-4 with 300 Å of length 
with periodic boundary conditions, considering an electric field strength 
of 1.0 mV/Å applied in the direction of the armchair length. Each 
snapshot in Fig. 3 represents a different time step. The first snapshot 
presents the ground state configuration of the bipolaron. After a tran
sient time, the bipolaron reaches a steady-state moving linearly through 
the lattice. This motion trend is realized by the changes in the vertical 
position of the charge density localization by following the snapshots 
from the left to the right of Fig. 3. 

We proceed by investing how the different intensities of external 
electric fields influence the bipolaron motion through the center of 
charge movement [35]. For this purpose, we maintain the electro
n–phonon coupling at the constant value of 3.2 eV/Å. This is a low value 
when compared to what is normally used [36,37] and was adopted so 
that the stability of the quasiparticle could be verified as a sole effect of 
the different electric fields intensities. These results are shown in Fig. 4 

Fig. 1. Schematic representation of the labeling system adopted here for the 
AGNR sites. 
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(a)(a) to observe the variation of the average position of the center of 
charge (XBP) as a function of time for various electric field intensities. 
Although periodic boundary conditions were applied to the system, the 
time interval considered was chosen so that, in all cases considered, the 
quasiparticle does not reach the edge of the nanoribbon. The results 
suggest that the greater the intensity of the electric field the more 
quickly the quasiparticle travel through the nanoribbon length, which is 
an expected feature from previous works in the literature[38,39]. The 
fact that the curves are rather smooth is indicative of the stability of the 
bipolaron. This is true even for the largest considered electric fields. A 

larger dispersion throughout the nanoribbon would lead to imprecise 
results about the position of the charge center. This could reflect the loss 
of stability of the quasiparticle, as charge would tend to spread over the 

Fig. 2. (a) The Bond-length pattern in 4-AGNR with containing a bipolaron; (b) the respective charge density profile; (c) bond-length distribution for the neutral and 
charged 4-AGNR lattices. 

Fig. 3. Time evolution for the bipolaron’s mean charge density in an AGNR-4 
for an electric feld strength of 1.0 mV/Å. 

Fig. 4. (a) Dynamics a bipolaron for different electric field intensities; (b) dy
namics of a bipolaron in for different electron–phonon coupling constant. 
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entire length of the nanoribbon, thus being dissociated from the lattice 
distortion that characterizes it. 

In Fig. 4(b) we present the results of the bipolaron dynamics for 
different values of the electron–phonon coupling constant. In these 
cases, the electric field intensity was maintained constant in 1.0 mV/Å. 
Again, the results refer to the movement of the charge center where the 
time interval was chosen so that the quasiparticle would not reach the 
edge of the system. The results show that, as the electric field, the 
electron–phonon coupling constant has a significant influence on the 
quasiparticle mobility. The higher the α values, the more slowly the 
bipolaron moves along the nanoribbon length. These results also suggest 
that for the two largest coupling constants considered, the bipolaron 
movement is approximately 60 fs delayed when compared to the 
smallest one. These results are consistent with the fact that the electron- 
lattice coupling constant is related to how the lattice trapped the 
quasiparticle, as described by our model. Therefore a strong influence in 
the movement of the quasiparticle is indeed expected. 

The simulations that gave rise to Fig. 4 readily allows one to compute 
how the average velocity of this quasiparticle is influenced by the 
electric field. The results of these calculations are shown in Fig. 4(a), 
from which it can be seen that the interplay between field strength and 
terminal velocity is nearly linear. With such a description in hand, we 
can now investigate the relationship between the effective mass of the 
bipolaron in the system (meff ) and the electron–phonon coupling as well 
as to the electric field. For the calculation of the effective mass, we 
considered the same scheme as employed for the calculation of the 
effective mass of the polaron and bipolaron in cis-polyacetylene and 
poly-p-phenylene (PPP) [40], i.e., the equality between impulse and 
linear momentum variation (Δ p→ = q E→Δt). The electric field was turned 
on adiabatically so that to avoid artificial numerical effects [41]. Our 
analysis focused on the time interval necessary for the quasiparticle to 
reach the saturation velocity. For the calculation of the linear mo
mentum variation, we took the velocity of the bipolaron at the end of the 
time interval considered for each case shown in Fig. 4. 

The results of the different values of the electron–phonon coupling 
constant and the respective variation of effective mass are shown in 
Fig. 5(b). For these cases, the electric field intensity was set to be 1.0 
mV/Å. As can be seen from Fig. 5(b), the effective mass of the bipolaron 
increases rapidly with an increment of the electron–phonon coupling 
constant. Considering me to be the rest mass of a free electron, for α =

3.0 eV/Å the value calculated for the effective mass of the bipolaron is 
2.6 me. It increases to 13.4 me for α = 4.1 eV/Å. For α values between 3.6 
eV/Å and 4.0 eV/Å the increase in the effective mass presents a slower 
increase, thus resulting in a practically linear behavior. 

It is important to stress that the bipolaron properties studied here are 
dependent on the nanoribbon’s width. Wider nanoribbons promote a 
change in the charge localization, i.e, the wider is the ribbon the greater 
is the charge delocalization. Consequently, the carrier’s effective mass is 
impacted. Since the effective mass of charge carriers in organic semi
conductors is strictly dependent on the mutual interaction between 
charge density and related lattice deformations. A delocalized charge 
density promotes small lattice distortions, forming a carrier with low 
effective mass. Therefore, one can conclude that the wider is the ribbon 
the lower is the carrier’s effective mass. Importantly, the effect of the 
nanoribbon’s width on some bipolaron properties was studied in the 
reference [33]. 

Finally, in Fig. 5(c) we show the relation between the effective mass 
and the electric field intensity. In these cases, the electron–phonon 
coupling constant is kept as 3.2 eV/Å. For E = 0.25 mV/Å the effective 
mass calculated for a bipolaron was 17.8 me and for the next value 
considered, it dramatically reduces to 5.7 me. Between 0.75 mV/Å and 
1.5 mV/Å the value of the effective mass increases again until 5.0 me. 
Following, it presents a subtle decrease. For electric field intensities 
higher than 3.75 mV/Å the effective mass is practically constant around 
2.2 me. These results allow us to verify that the electric field has a 

significant influence on the effective mass of the bipolaron in AGNRs. 

4. Conclusions 

In summary, the dynamics of bipolaron in a narrow armchair gra
phene nanoribbon was numerically studied in the framework of a 2D 
tight-binding Hamiltonian in which electron–phonon interactions were 
taken into account. The dynamics of the quasiparticle was evaluated as a 
function of the electric field strength and electron–phonon coupling 
constant, two relevant factors for charge carriers dynamics. Our results 
have shown that bipolarons are stable quasiparticle even in a regime of 
high electron field strength. Furthermore, the increase in electro
n–phonon coupling constant leads to a reduction in its mobility. We 
were also able to calculate the effective mass and terminal velocities of 
the bipolarons and their relation to the aforementioned properties. Our 
results have shown that the effective mass decreases with increasing 
electric field strength and increases with an increasing electron–phonon 
coupling constant. 
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