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Abstract
In organic molecular crystals, the polaronic hopping model for the charge transport assumes that the carrier lies at one
or a small number of molecules. Such a kind of localization suffers the influence of the non-local electron–phonon (e–
ph) interactions associated with intermolecular lattice vibrations. Here, we developed a model Hamiltonian for numerically
describing the role played by the intermolecular e–ph interactions on the stationary and dynamical properties of polarons
in a two-dimensional array of molecules. We allow three types of electron hopping mechanisms and, consequently, for
the nonlocal e–ph interactions: horizontal, vertical, and diagonal. Remarkably, our findings show that the stable polarons
are not formed for isotropic arrangements of the intermolecular transfer integrals, regardless of the strengths of the e–ph
interactions. Interestingly, the diagonal channel for the e–ph interactions changes the transport mechanism by sharing the
polaronic charge between parallel molecular lines in a breather-like mode.

Keywords Holstein–Peierls model · Polaron · Electron–phonon coupling · Charge transport · Organic semiconductors

Introduction

Organic molecular crystals are attractive due to their intrin-
sic physical-chemical properties, which are substantially
different from the ones exhibited by conventional solids
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such as ionic and covalent crystals [1]. The generally weak
intermolecular van der Waals interactions as well as the
interplay between intra and intermolecular degrees of free-
dom, aggregate to these materials unique properties that are
desired to the manufacturing of optoelectronic devices.

Recently, relevant theoretical studies have drawn atten-
tion to the importance of the symmetry effects on electron–
phonon (e–ph) coupling mechanism in organic semicon-
ductors [1–3]. By using a tight-binding approach, these
works provide a good understanding of how the local and
nonlocal e–ph coupling channels affect the electronic and
charge transport properties. Although these studies eluci-
date the role played by these channels in some features
of organic crystalline semiconductors, to further under-
stand the polaron properties, additional investigations are
required. Importantly, the relative orientation of molecules,
associated with nonlocal e–ph interactions, that, in turn,
modulate the intermolecular lattice vibrations, is a funda-
mental issue that remains not well understood.

Herein, by employing a two-dimensional version of the
Holstein–Peierls Hamiltonian [4, 5], we present a tight-
binding description that underlines the impact of the relative
molecular orientation—as a function of the symmetry of
the nonlocal electron–phonon coupling mechanism—on the
static and dynamical properties of polarons in crystalline
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organic semiconductors. Our computational protocol de-
fines a molecular array, in which three types of electron
hopping is allowed: horizontal, vertical, and diagonal. The
nonlocal e–ph interactions follow the scheme used for the
intramolecular electronic coupling mechanism.

Methodology

The model tight-binding Hamiltonian developed here
takes into account both intramolecular (Holstein) and
intermolecular (Peierls) interactions for a two-dimensional
array of molecules of (20 × 20 sites) with periodic boundary
conditions. In our system, each lattice site represents a (i, j)

molecule of the molecular array, as depicted in Fig. 1. The
indexes i and j label the molecular “rows” (x-direction)
and “columns” (y-direction), respectively. In this way, the
overall model Hamiltonian assumes the following form

H = Helec,intra + Helec,inter + Hlatt,intra + Hlatt,inter, (1)

where Helec,intra and Helec,inter denote the intra and
intermolecular electronic contributions whereas Hlatt,intra

and Hlatt,inter describe the intra and intermolecular lattice
contributions, respectively.

The intramolecular electronic contribution is

Helec, intra =
∑

i,j

α1ui,j ĉ
†
i,j ĉi,j . (2)

In this equation, ui,j denotes the internal vibrational phonon
mode for a (i, j ) molecule, which interacts with the
electronic degree of freedom by means of a intramolecular
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Fig. 1 Schematic representation of the two-dimensional array of
molecules considered here. In this representation, vx and vy denote the
relative displacement of a (i, j) molecule, from its equilibrium, in the
x- and y-direction, respectively, whereas vdr and vdl state the relative
displacement of a molecule in the right and left diagonal directions,
respectively

e–ph coupling constant α1. The operator ĉ
†
i,j

(
ĉi,j

)
creates

(annihilates) a carrier at the (i, j)-th site of the lattice. The
intermolecular electronic degree of freedom, in turn, can be
placed in the form

Helec, inter =
∑

i,j

(
J x

i,j+1; i,j ĉ
†
i,j+1ĉi,j + H.C.

)

+
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i+1,j ĉi,j + H.C.

)

+
∑

i,j

(
J

dr

i+1,j−1; i,j
ĉ
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J
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. (3)

J x
i,j ; i′,j ′ , J

y

i,j ; i′,j ′ , J
dr

i,j ; i′,j ′ , and J
dl

i,j ; i′,j ′ denote the
intermolecular transfer integrals between next-neighboring
molecules (i, j) and (i′, j ′) in the horizontal x, vertical y,
and right (dr ) and left (dl) diagonals, respectively. These
electronic transfer integrals are given by

J x
i,j+1; i,j = J x

0 − αx
2

(
vx
i,j+1 − vx

i,j

)
, (4)

J
y

i+1,j ; i,j
= J

y

0 − α
y

2

(
v

y

i+1,j − v
y
i,j

)
, (5)

J
dr

i+1,j−1; i,j
= J

dr

0 − α
dr

2

(
v

dr

i+1,j−1 − v
dr

i,j

)
, (6)

and

J
dl

i+1,j+1; i,j
= J

dl

0 − α
dl

2

(
v

dl

i+1,j+1 − v
dl

i,j

)
. (7)

In this set of equations, vx
i,j , v

y
i,j , v

dl

i,j and v
dr

i,j describe the
intermolecular displacements of a (i, j ) molecule from its
equilibrium in the x, y, left (dl) and right (dr ) diagonals,
respectively. J0 denotes the transfer integral values for a
system where the lattice sites are equally spaced. α

x,y,dl ,dr

2
is the intermolecular e–ph coupling constant that considers
the three distinct coupling of the intermolecular lattice
vibrations.

The lattice treatment used here consists in describing the
phonons using two distinct harmonic oscillators to account
the intra and intermolecular lattice vibrations separately.
Such an approach yields the following contributions to the
model Hamiltonian:

Hlatt, intra = 1

2
K1

∑

i,j

(
ui,j

)2 + 1

2
M1

(
u̇i,j

)2 (8)
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and

Hlatt, inter = 1
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. (9)

In the equations above, the force constants K1 and K2

and also the masses M1 and M2 refer to the intra and
intermolecular oscillators, respectively.

The present work investigates the impact of orientation
effects on nonlocal e–ph coupling and their consequences
on the static and dynamic properties of polarons at organic
crystalline semiconductors. To do so is necessary to prepare
a convenient set of parameters that can address the essential
physics behind the polaron properties in the systems. The
model parameters considered here lie in the range of
those widely used to reflect the electronic and vibrational
properties of oligoacene-like crystals, such as pentacene [6],
anthracene [7], and rubrene [8]. In this way, we adopt the
following set of parameters: J x

0 = J
y

0 = 50 meV, α1 = 1.8
eV/Å, αx

2 = α
y

2 = 0.4 eV/Å, K1 = 14 eV/Å2, K2 = 0.9
eV/Å2, M1 = 2.88×1010 eV(as/Å)2, and M2 = 5.76×1010

eV(as/Å)2. The diagonal parameters J
dr

0 , J
dl

0 , α
dr

2 , and α
dl

2
lie in the range of [0-50] meV (for the transfer integrals)
and [0-0.4] eV/Å(for the e–ph coupling terms), respectively.
Such a range of values yields outcomes that allow to better
understand the interplay between the different channels for
the e–ph interactions. It is worth mentioning that the force
constants used here derive from experimental frequencies
[9, 10].

All the calculations performed here obtain optimized
geometries for the lattice containing an extra positive
charge. To achieve a self-consistent ground state geometry
for a particular set of parameters, we use the Resilient
backPROPagation algorithm (RPROP) [11]. This ground
state geometry is the starting point to investigating the
static and dynamical properties of the polarons. Regarding
the polaron dynamics, the system evolves in time by
using an Ehrenfest Molecular Dynamics method, i.e., an
approach where the temporal evolution of the electronic and

lattice degrees of freedom occurs in a coupled fashion and
governed by the time-dependent Schrödinger and Euler–
Lagrange equations, respectively [12].

Results

Having presented the details about our approach, we
now move to the discussions of the results. We begin
by discussing the impact of the interplay between the
intermolecular e–ph mechanisms on the static properties
associated with the presence of a polaron in the lattice. To
obtain an overall physical insight about these properties,
here we use two measurements: the polaron formation
energy (EP ) and the inverse participation ration (IPR). The
EP consists of the amount of energy required for the system
to form a polaron, i.e., the energy difference between the
neutral ground state and the charged lattice (an additional
electron or hole). For stable polarons, Ep > 0. If Ep � J x

0
(or J

y

0 ), ground state geometry calculations yield a charge
carrier that is essentially localized in a single molecule. In
this way, the Holstein model prevails, and the charge carrier
description follows the small polaron picture [13, 14]. In
contrast, if Ep ∼ J x

0 (or J
y

0 ), the molecular charge extends
over the next-neighboring sites concerning a central unit and
the charge carriers yielded, in this case, are denoted as large
polarons (Fröhlich model) [4].

The IPR concept, in turn, characterizes the polaron
localization, i.e., this quantity is a measure of how many
sites share the extra charge. For IPR values between 0.4
and 0.8, the charge is usually shared by five molecules
yielding a large polaron solution. This kind of charge
carrier is the fundamental structure behind the charge
transport mechanism when it comes to organic crystalline
semiconductors [1]. Conversely, IPR values greater than
0.8 yield polaron solutions in which the charge lies,
solely, at one molecule (small polarons). Through the
IPR calculation, we can derive an important electronic
parameter when organic materials are considered: the lattice
reorganization energy (λ). This parameter accounts for
the energy cost in displacing the molecules, from their
equilibrium position, in the presence of an additional
charge. Here, λ is derived according to the expression
λ = λ0/IPR, where λ0 is the reorganization energy for the
removal of an electron or hole from a single molecule. We
adopt 59 meV for λ0, according to the reference [15].

With the derivation of λ and EP in mind, we now
discuss the results presented in Fig. 2. Figure 2a depicts
the lattice reorganization energy as a function of the
interplay between the intermolecular e–ph couplings and the
transfer integrals for all degrees of freedom. The performed
calculations consider a set of parameters in which the



149 Page 4 of 7 J Mol Model (2019) 25: 149

Fig. 2 The phase diagram for the a reorganization energy (λ) and
b the polaron formation energy (EP ) yielded according the interplay
between the intermolecular e–ph couplings and the transfer integrals
for all degrees of freedom

e–ph couplings and the transfer integrals for the diagonal
directions were systematically varied from 0-0.5 eV/Åand
0-50 meV, respectively. The strengths for α

x,y

2 and J
x,y

0
were settled as 0.5 eV/Åand 50 meV, respectively. In this
way, one can see from Fig. 2a that there are two distinct
and well-defined dominant regions for the λ values. The
white region denotes reorganization energy values (about 50
meV) for which the parameters yield pristine lattices (free
of polarons). According to our calculations, the minimum
reorganization energy required to realize the formation of
stable polarons is about 59 meV, which agrees with the
reorganization energy obtained for pentacene lattices [15].
These forbidden parameter relationships for the polaron
formation are obtained outcomes when all the strengths
of the intermolecular transfer integrals assume the critical
value, i.e., 50 meV. In these cases, the molecular charge
is over-delocalized in such a way that the lattice is not
sufficiently deformed to couple the extra charge in a self-
interacting state that can form a stable polaron.

Conversely, for the interplay between parameters where
the intermolecular e–ph couplings of all directions assume
the critical value, i.e., 0.5 eV/Å, the ground state geometry
calculations always yield λ values greater then 60 meV (in

other words, stable polarons are formed), excluding the case
in which J

dl,dr

0 /J
x,y

0 = 1. Since the strength of the e–ph
couplings is increased, the degree for the lattice deformation
in the region where the charge is localized increase
dramatically. This higher degree of distortion is responsible
for coupling the charge and the lattice in a stronger fashion,
which substantially raises the reorganization energy due to
the higher molecular displacements. We can state that the
parameter space represented by the light-yellow region in
Fig. 2a is of particular interest since the λ values lie in the
range of 60–150 meV, which are values usually reported
in the literature for oligoacene-like crystals [1, 15]. In this
context, the orange and dark regions in the panel are less
of interest, since the reorganization energies calculated are
higher than 200 meV. Importantly, from these results, it is
possible to determine a physical parameter space in which
stable polarons are formed, in the context of the model
Holstein–Peierls Hamiltonian defined above. Moreover,
we have studied the impact of the interplay between
intra and intermolecular e–ph coupling strengths on the
polaron delocalization very recently [16]. In that study,
four quasiparticle solutions were found: free-like electrons,
metastable polarons, and small and large polarons. The
latter governs the charge transport in organic crystalline
semiconductors. In Fig. 2, the stable charge carriers yielded
are large polarons.

A complementary description of the static polaron
properties can be provided by analyzing the impact of the
interplay between the intermolecular (Peierls) parameters
on the polaron formation energy. Figure 2b presents the Ep

using the same numerical procedure employed for the case
showed in Fig. 2a. Here, we can still observe the presence
of two distinct regions. Moreover, one can note that the
white regions in Fig. 2a and b are coincident. Consistently,
for the parameter spaces where the reorganization energy
assumes a small value the polaron formation is forbidden
and, consequently, Ep = 0 as can be seen in Fig. 2b. For the
second well-established region presented in Fig. 2b, the blue
region, the interplay between the intermolecular parameters
yield polaron formation energies lying in the range 30–70
meV. These values are typical when it comes to oligoacene-
like crystals [1, 15]. In this way, any set of parameters within
the blue region describes stable polarons and should be
considered in combination with the results for λ, once some
of these parameters are undesirable because they can yield
unrealistic λ values, the orange and dark regions in Fig. 2a.

Now we turn to the results obtained for the lattice
ground state geometries in the presence of a stable polaron.
This analysis helps to realize the interdependence between
charge and lattice deformations, i.e., the phonon system. In
this way, Fig. 3 shows the molecular charge distribution as
well as the lattice bond-length changes—which are induced
by the presence of an additional charge—considering the
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Fig. 3 Molecular charge
distribution and lattice
configuration for the case where
a stable polaron is formed. a
Molecular charge density, b
intramolecular displacements
(ui,j ) and intermolecular
bond-lengths in the (c)
horizontal (vx

i,j+1 − vx
i,j ), d

vertical (vy

i+1,j − v
y
i,j ), e

left-diagonal (vdl

i+1,j+1 − v
dl

i,j ),
and f right-diagonal
(vdr

i+1,j−1 − v
dr

i,j ) directions

different degrees of freedom for the e–ph coupling included
in our model Hamiltonian. This signatures for the charge
and lattice configurations denote the presence of a stable
polaron. Here, J x

0 = 50 meV, J
y

0 = 30 meV, and J
dl

0 =
J

dr

0 = 10 meV. For the e–ph coupling we adopt αx
2 = 0.5

eV/Å, α
y

2 = 0.3 eV/Å, and α
dl

2 = α
dr

2 = 0.25 eV/Å.
The anisotropy in the values for J x

0 and J
y

0 is a necessary
condition to realize the polaron dynamics, in the context of
the Holstein–Peierls model, as reported in the reference [17,
18]. J

dl,dr

0 were settled according the discussions for the
Fig. 2. It is worthwhile to mention that the molecular charge
density (ρ̄i,j ) follows the expression presented in reference
[19].

In Fig. 3, each circle represents a site of the lattice. The
white circles denote the absence of charge and distortions
for the molecules. nx and ny count the number of columns
and lines for the molecular array, respectively. The depicted
system is a 13 × 13 lattice. In some panels, nx is adjusted
to present the results better. In this sense, Fig. 3a depicts the
molecular charge configuration. One can note that part of

the additional charge lies at two molecules (red circles) and
the rest spread over next-neighboring ones in the horizontal,
vertical, and diagonal directions. Such a configuration for
the charge density localization denotes a large polaron
structure with a two-dimensional nature. Figure 3b shows
the intramolecular distortions ui,j for the molecules in the
molecular array. From this figure, one can rapidly note that
ui,j present negative values for the lattice sites where the
charge is localized. The sites with a higher concentration of
charge present, consequently, higher degrees of deformation
(red circles). These deformations denote compressions in
the molecular structure due to the presence of charge.
Therefore, these intramolecular responses are the signature
of the self-interacting state involving charge and lattice,
which is mediated by the e–ph coupling mechanism.

The system’s trend in localizing the extra charge has,
of course, a pronounced impact in the intermolecular
arrangement of the lattice. Figure 3c–f present the
intermolecular bond lengths in the horizontal (vx

i,j+1 −vx
i,j ),

vertical (vy

i+1,j − v
y
i,j ), left-diagonal (vdl

i+1,j+1 − v
dl

i,j ), and
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right-diagonal (vdr

i+1,j−1 − v
dr

i,j ), respectively. In Fig. 3c,
we can see that the horizontal deformations extend over a
central line, with a high degree of distortion, and over lines
above and below regarding the central one, with a smaller
degree of distortion. In the region where a considerable part
of the charge is localized, the bond lengths in x-direction
show a compression (red circles), which are also noted to be
present in the next-neighboring sites. These compressions
are followed by lattice expansions (blue circles) through the
molecular lines for which, at least, one red circle is present.
Such a configuration for the bond lengths is a shrinking-like
effect that moves next-neighboring molecules towards the
central unities that contain the charge.

Similarly, there is a bond-length pattern distributed along
the y-direction, as depicted in Fig. 3d. The bond lengths
in the y-direction are oriented, in a symmetric fashion,
according to the sites that contain the charge. Through
the color scheme, we can note that the distortions for the
molecule positions in the y-direction are smaller than the
ones in the x-direction. This behavior occurs due to the
smaller strengths adopted for the e–ph coupling and the
transfer integral in the y-direction. The lattice deformations
for both diagonals can be described using the same
arguments above. Note that the bond-length values in these
cases are the smaller ones. Again, these low amplitudes for
the displacements of the molecules are related to the values
adopted for the e–ph coupling and the transfer integrals in
the diagonal directions.

Finally, we turn to the discussions for the polaron
dynamics. Figure 4 shows the time evolution for the mean
charge density for the central line i = 10, where the
additional charge is initially placed, and for its parallel
lines i = 9 (bellow) and i = 11 (above). The dynamics
occurs over 3 ps. Here, the two-dimensional nature of the
polaron localization takes place. In the central line, we
can note red and yellow regions, which denote sites with

Fig. 4 Polaron dynamics in a molecular array of 20 × 20 sites. For
the sake of clarity, just the central line as well as its parallel ones are
depicted

a high concentration of charge. Moreover, one can note
that the parallel lines contain blue regions denoting a small
concentration of charge. The mechanism for the polaron
motion can be understood as follows: (I) the polaron is
initially lying in line 10 (red and green regions) by sharing
a small portion of its charge among parallel lines; (II) after
approximately 400 fs, the charge moves to just a central line,
which can be noted by the white regions in lines 9, and;
(III) soon afterward, the polaronic charge assumes its initial
configuration. This mechanism for the polaron transport
repeats during the simulation time in a breather-like mode
with a period of about 400 fs. Importantly, this signature
for the polaron dynamics is not present in the absence of
the diagonal channel for the e–ph coupling mechanism [19].
Note that, in the absence of the diagonal channel for the e–
ph coupling, the charge transport mechanism presents the
same behavior for the motion of the net charges localized
in the main and the parallel molecular lines [19]. When
the diagonal e–ph coupling is considered, a breather-like
mode to the charge localization with a period of about 400
fs takes place. In this trend of motion, the charge localizes
by oscillating in time into one and three molecular lines as
shown in Fig. 4.

Conclusions

In conclusion, we have studied the static and dynami-
cal properties of polarons organic molecular crystals by
developing a model Hamiltonian that takes into account
different orientations for the nonlocal electron–phonon cou-
pling mechanism. These orientations are implemented by
including in different Hamiltonian types for the electron
hopping mechanism and the nonlocal e–ph interactions: hor-
izontal, vertical, and diagonal. The outcomes have shown
that there are two distinct regimes concerning the polaron
formation. In one of them, the high strengths of the
intermolecular transfer integrals inhibit the formation of
polarons by over-delocalizing the molecular charge. Impor-
tantly, the results have shown that the stable polarons are
not formed for isotropic arrangements of the intermolec-
ular transfer integrals, regardless of the strengths of the
e–ph interactions. Conversely, for the other set of param-
eters, large and small polarons are formed by presenting
lattice reorganization energies that agree with theoretical
results in the literature [15]. Regarding the polaron dynam-
ics, the diagonal channel for the e–ph interactions leads
to a breather-like mode for the charge motion. This mode
is not observed in the absence of diagonal interactions.
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